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1. Introduction

Let k be a field and let F be a finite set of polynomials in k[x1,...,z:]. The algebraic
set V(F) consists of (ar,...,04) € %' such that fla1,...,aq) =0 for all f € F, where
k denotes the algebraic closure of k. If F has only one polynomial F, we simply write
Vi(F) for Vi(F).

Let F € k[z1,...,x¢] where k = Fyn is a finite field. We are interested in finding the
roots of F' which lie in a F,-linear subspace of k. In this paper, we characterize a large
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class of F,-linear subspaces U of k' such that |Vz(F) N U| can be bounded in terms of
the degree of F' and the dimension of U, independent of q.

Throughout the paper we fix a Fy-linear basis 61,...,60, of k = Fgn. With respect
to the basis, k = F;n and Fy are isomorphic as F,-linear spaces. Similarly, we have
an isomorphism between k' and F." as F -linear spaces, under which (z;)j_; € k' is
identified with (y;;) e € Fi", where z; = Z?Zl yi;0; with y;; € F,.

To illustrate the ]pro’Bi’em and our approach consider the case where F' is linear, and
we look for solutions of F in an m-dimensional F-linear subspace U of k. Substituting
x; using the identity z; = Z?Zl yij0;, we get F(z1,...,2;) = > ., Fif; where F; is a
linear polynomial in the nt variables y;;. Observe that xz; € Fg» if and only if y;; € F,
for j = 1,...,n. It follows that an Fg»-solution to F' in ¢ variables corresponds to an
F,-solution to the system of polynomials Fi, ..., F, in nt variables.

The subspace U can be expressed as the image of an Fy-linear map A = (A;j) i=1,..«
Jj=1,....n

from IF;" to IE“q” where each );; is an Fy-linear function in m variables zq, ..., 2.

For i = 1,...,n, let G; be the linear polynomials obtained from F; by substituting
yi; using the identity y;; = Aij (21, ..., 2m). Then the solutions we are looking for is the
set of F,-solutions to the system of n linear polynomials G1,...,Gp € Fylz1,. .., zm].

If n < m, the rank of the linear system determined by G1,...,G, is at most n, so
there are at least ¢~ ™ solutions from U. If n > m and U is chosen at random, then
heuristically the linear system is likely of rank m, in which case there is at most one
solution. It will follow as a special case of our main result that for a random choice of U
in a large collection of subspaces of dimension m < n this is indeed the case.

In general when the degree of F' is bounded by d, we show that the number of solutions
that lie a subspace of dimension m < n is typically bounded by d™.

To state our main result precisely, we need to introduce some notation.

As before we fix a F-linear basis 6, ..., 6, of k = Fgn, and with respect to the basis
an isomorphism between k* and F.* as Fy-linear spaces so that (z;)j_; € k" is identified
with (y;;) =t € IE‘Z", where z; = Z?:l y;;0; with y;; € F,.

We ﬁxjan’.(;r’dering of the set of indices A = {(¢,5) : i =1,...,t;5 = 1,...,n}. Let
w1, ..., Wy be the enumeration of the elements of A under the ordering.

In general a linear map from F}* to Fy sends 2 = (z1, ..., 2,) € Fy' to S aiz € Fy
where a; € Fy for i = 1,...,m. A linear map X from F}* to k' = F." can be defined

tn

by tn linear maps A, from Fy* to Fy, for i = 1,... tn. Thus, A\(2) = (y.,)i2; where
Yuwi = A, (2) for i = 1,... tn, and we write A = ()\,,,)!";.

We will restrict our attention to those A such that A\, (z) = z; for i = 1,...,m. Let
A, denote the collection of such [Fy-linear maps.

We note that the image of A € A,, is an m-dimensional F,-subspace of k' = IE";”
tn
K3

consisting of (y,, )", where

ywi = >\UJi (ywlv R aywm)

fori=m+1,... tn.
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