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Abstract

Let Zn
d be the additive group of 1× n row vectors overZd. For ann × n matrix T over Zd

andω ∈ Zn
d, the affine transformation FT,ω of Zn

d sendsx to xT + ω. Let 〈α〉 be the cyclic group
generated by a vectorα ∈ Zn

d. The affine transformation coset pseudo-digraphTCP(Zn
d, α, FT,ω)

has the set of cosets of〈α〉 in Zn
d as vertices and there arec arcs from x + 〈α〉 to y + 〈α〉

if and only if the number ofz ∈ x + 〈α〉 such thatFT,ω(z) ∈ y + 〈α〉 is c. We prove
that the following statements are equivalent: (a)TCP(Zn

d, α, FT,ω) is isomorphic to thed-nary
(n − 1)-dimensional De Bruijn digraph; (b)α is a cyclic vector forT ; (c) TCP(Zn

d, α, FT,ω) is
primitive. This strengthens a result conjectured by C.M. Fiduccia and E.M. Jacobson [Universal
multistage networks via linear permutations, in:Proceedings of the 1991 ACM/IEEE Conference on
Supercomputing, ACM Press, New York, 1991, pp. 380–389]. Under the further assumption that
T is invertible we show that each component ofTCP(Zn

d, α, FT,ω) is a conjunction of a cycle
and a De Bruijn digraph, namely a generalized wrapped butterfly. Finally, we discuss the affine
TCP digraph representations for a class of digraphs introduced by D. Coudert, A. Ferreira and
S. Perennes [Isomorphisms of the De Bruijn digraph and free-space optical networks, Networks
40 (2002) 155–164].
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1. Introduction

This paper is about an interesting phenomenon, namely sometimes some digraphs
arising from seemingly very general algebraic constructions or those restricted by a simple
algebraic requirement turn out to be of a very regular pattern and have close connection
with a family of seemingly very special digraphs, the so-called De Bruijn digraphs [2].
Perhaps we should call this special type of digraphs universal digraphs as they already
appear in a wide range of research [1–22]. In this sense, our work here will confirm the
assertion that the mysterious De Bruijn digraphs are really universal. Let us postpone a
more accurate description of the phenomenon referred to above to the end of this section
and review first some preliminary definitions to be used in this paper.

As usual,Zd denotes the ring of integers modulod andZ
n
d represents the set of 1× n

matrices overZd. Z
n
d can be viewed as then-dimensional free module overZd and has a

standard basis{e0,e1, . . . ,en−1}, whereei is the vector with a single 1 in the(i + 1)th
position and 0’s elsewhere. A subset{α1, . . . , αt } of Z

n
d is calledlinearly independentover

Z
n
d if andonly if whenever

∑t
i=1 kiαi = 0 with ki ∈ Zd, thenk1 = k2 = · · · = kt = 0.

Let Matn(Zd) be the set of alln × n matrices overZd. The set of invertible matrices
in Matn(Zd) is denotedGLn(Zd). Arbitrarily picking T ∈ Matn(Zd) andω ∈ Z

n
d, the

affine transformation FT,ω on Z
n
d is defined by FT,ω(x) = xT + ω,∀x ∈ Z

n
d. For

i = 0,1, . . . ,n − 1, letT(i , ·) = ei T andT(·, i ) = T e�
i , respectively.

For S ⊆ Z
n
d, the submodule generated (or spanned) byS is 〈S〉 .= {∑m

i=1 ci si : ci ∈
Zd, si ∈ S,m ≥ 0}. If a submoduleM is spanned by a setS, wecall S a generating setof
M. For any nonzero vectorα ∈ Z

n
d andT ∈ Matn(Zd), theT-cyclic submodulegenerated

by α is the submoduleZd(α; T)
.= 〈{αTk, k ≥ 0}〉. A vectorα is a cyclic vectorfor T

providedZd(α; T) = Z
n
d. For any finite setS,#S denotes its cardinality.

Let Γ be a digraph. The vertex set and the arc set ofΓ are denoted byV(Γ ) and
E(Γ ), respectively. For a subsetV0 of V(Γ ), we write NΓ (V0) for the out-neighbor
set of V0, which is {w ∈ V(Γ ) : ∃u ∈ V0,e ∈ E(Γ ),e startsfrom u and ends atw}.
We let N0

Γ (V0) = V0 and define inductively thatNk
Γ (V0) = NΓ (N

k−1
Γ (V0)) for any

positiveintegerk. A digraphΓ is strongly connectedif for any two verticesx and y of
Γ , there always exists in Γ a pathfrom x to y. We say that a digraph isconnectedif
its underlying undirected graph is connected. Thecomponentsof a digraph refer to its
connected components. A digraphΓ is said to bebalancedif the in-degree and out-degree
of each of its vertices are equal. We writeG ∼= H to denote thatG andH are isomorphic
digraphs. IfG ∼= H , we think of them as different representations of the same object and
thus often do not distinguish between them.

Given anα ∈ Z
n
d and a transformationF on Z

n
d, the transformation coset pseudo-

digraph (TCP digraph, for short) ofZn
d with respect to them, denotedTCP(Zn

d, α, F), is
the digraph whose vertex set isZn

d/〈α〉 and the number of arcs from vertexx + 〈α〉 to
vertex #{z ∈ x + 〈α〉: F(z) ∈ y + 〈α〉}. Let S be a union of several cosets of〈α〉 in Z

n
d.

If there are no arcs betweenS/〈α〉 and(Zn
d − S)/〈α〉 in TCP(Zn

d, α, F), then we use the
notationTCP(S, α, F) to represent the subdigraph induced by the vertex setS/〈α〉, which
is a TCP digraph onS.

TheconjunctionΓ1 ⊗ Γ2 of two digraphsΓ1 andΓ2 hasV(Γ1)× V(Γ2) as the vertex
set andE(Γ1 ⊗ Γ2) has(x1, x2)(y1, y2) as an element of multiplicitym1m2, wheremi
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