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Abstract

Let Zg be the additive group of k% n row vectors ovelZgy. For ann x n matrix T over Zq
andw € Zg, the affine trasfamation Fr ,, of ZQ sendsx to XT + w. Let («) be the cyclic group
generated by a vector € ZQ. The affine transformation coset pseudo-digri@P(ZQ, a, Fr.4)
has the set of cosets d&) in ZQ as vertices and there aearcs fromx + (@) to y + («)
if and only if the number ofz € x + («) such thatFy ,(2) € y + (@) is c. We pove
that the following stateents are equivalent: (a‘ECP(ZQ,a, Fr.0) is isomophic to thed-nary
(n — 1-dimensional De Brijn digraph; (b)« is a cyclic vector forT; (c) TCR(ZY, «, Fr ) is
primitive. This strengthens a result conjectured by C.M. Fiduccia and E.M. Jacobson [Universal
multistage networks via linear permutations,fmoceedings of the 1991 A@/IEEE Conference on
Supercomputing, ACM Press, New York, 1991, pp. 380-389]. Under the further assumption that
T is invertible we show that each component TGCP(ZQ, a, Fr ) is a onjunction of a cycle
and a De Bruijn digraph, namely a generalized wrapped butterfly. Finally, we discuss the affine
TCP dgraph representations for a class of digraphs introduced by D. Coudert, A. Ferreira and
S. Perennes [Isoonphisms of the De Bruijn digraph and free-space optical networks, Networks
40 (2002) 155-164].
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1. Introduction

This paper is about an interesting phermmn, namely sometimes some digraphs

arising from seemingly very general algebraic constructions or those restricted by a simple
algebraic requirement turn out to be of a very regular pattern and have close connection

with a family of seemingly very special digphs, the so-called De Bruijn digrapt#.[

Pehaps we should call this special type of digraphs universal digraphs as they already

appear in a wide range of researdr-23. In this sense, our work here will confirm the

assertion that the mysterious De Bruijn digraphs are really universal. Let us postpone a

more accurate description of the phenomenderred to above to the end of this section
and review first some preliminary definitions to be used in this paper.

As usial, Zg denotes the ring of integers modulandZj represents the set ofd n
matrices overZg. ZQ can be viewed as the-dimensional free module ovéty and has a
standard basigep, €1, ..., en—1}, whereg is the vector with a single 1 in the + 1)th
postion and O’s elsewhere. A subget;, . . ., ot} of ZQ is calledlinearly independemver
Zg if and only if wheneverzit:l kici =0 with ki € Zg, thenky =k, =--- =k = 0.

Let Mat,(Zq) be the set of alh x n matrices ovefZq. The set of inveiible matrices
in Mat,(Zq) is denotedG Ln(Zg). Arbitrarily picking T € Maty(Zq) andw € ZQ, the
affine transformation ,, on Zj is defired by Fr ,(x) = xT + w,V¥x € Zj. For
i=01....,n—1,1etT(@,) =T andT(-,i) = Tq-T, resgectively.

For S c Zj, the submodule generated (or spannedBy (S) = M cs G e
Zg4,S € S,m > 0}. If asubmoduleM is spanned by a s&, we call Sagenerding setof
M. For ary nonzero vectow € ZQ andT e Matp(Zq), theT-cyclic submodulgenerated
by « is the sibmoduleZg(e; T) = ({«TX k > 0}). A vectore is acyclic vectorfor T
providedZq(a; T) = Zg. For any fite setS, #S denotes its cardinality.

Let I" be a digraph. The vertex set and the arc sef'adre denoted by (I") and
E(I"), resgectively. For a subseYy of V(I'), we wite Ny (Vp) for the out-neighbor
set of Vg, which is{w € V(") : Ju € Vp,e € E(), estartsfrom u and ends aiv}.
We let N%(Vo) = Vo and define inductively thaN['ﬁ(Vo) = Np(N'[i_l(Vo)) for any
positiveintegerk. A digraph [ is strongly connected for any two verticesx andy of
I, there alwgs exigs in I' a pathfrom x to y. We say tlat a digraph isconnectedf
its underlying undirected graph is connected. Tmnponent®f a digraph refer to its
connected components. A digraphis said to beébalancedf the in-deggree and out-degree
of each of its vertices are equal. We write= H to denote thatG andH are isomorphic
digraphs. IfG = H, we think of them as different represttions of the same object and
thus often do not distinguish between them.

Given ana € Zgj and a transformatioff on Zj, the transformation coset pseudo-
digraph (TCP digraph, for short) oZ{} with respect to them, denot@CP(Zg, «, F), is
the digraph whose vertex setZ /(o) and the number of arcs from vertex+ («) to
vertex #z € x + («): F(2) € y + («)}. Let Sbe a union of several cosets @f) in Z{}.

If there are no arcs betwee) («) and(Z{ — S)/(«) in TCR(Zj, «, F), then we use the
notationTCP(S, «, F) to represent the subdigraph induced by the vertex§gét), which
is a TCP dgraph onS.

Theconjunctionly ® I'> of two digraphsl'y and > hasV (I'1) x V (I'2) as the vertex
set andE(I'1 ® I2) has(xi, X2)(Y1, Y2) as an element of multiplicitynymy, wherem;
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