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Abstract

A lattice diagram is a finite list = ((p1,91), ..., (Pn, On)) of lattice cells. The corresponding
lattice diagram determinant i (X;Y) = detHxipj yiqj I. ThespaceM\ is the space spanned by all
partial derivatives ofA| (X; Y). We desribe here how a Schur function partial derivative operator
ack m lattice diagrams with distinct cells in the positive quadrant.
© 2004 Elsevier Ltd. All rights reserved.

1. Introduction

We mnsider the symmetric groufy acting diagonally of)[x1, X2, ..., Xn; Y1, Y2, - - -,
Ynl, the polynomial ring in 8 variables More specifically, foroc € Sn, we @mnsiderthe
following (diagonal) action on polynomials:

GP(Xls X27 ceey Xn; yls y27 ceey yn) = P(XU]_s X(Tzv ceey X(Tn; y(T]_? y(72! ] y(Tn)'

A polynomial A = A(X1, X2, ..., Xn; Y1, Y2, - - ., Yn) IS Said to bealternatingif, for all
o € Sp, we haves A = sign(o) A. It is well known that the set of all lattice diagram
deterninants (described in the next section) forms a basis for the space of alternating
polynomials.

Given an dternating polynomialA we are interested in the spacg[A] spained by all
possible partial derivatives af. Since the diagonal action &, commutes with applying
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partial derivatives, the spac€;[A] is an Sp-module. Our goal is to give a complete
description of its (graded) character. This is a very hard problem in general and even the
simplest cass require elaborate constructiodsg][7]. The aim ofthe present work is to
develop tools that W allow us to better achieve this goal.

In previous work -4 we remark that the first step in describing the structur&€gfA]
is to determine its subspace of alternating polynomials. This subspace corresponds to the
space spanned by aymmetrigartial derivativeoperators applied td. In view of this, we
need to describe explicitly how the different bases of symmetric partial derivative operators
act on a given lattice diagram determinant. In the work cited above, we describe the action
of power sum symmetric operators and eletaey symmetric operators and homogeneous
symmetric operators in one set of variablest ¥he action of one of the most important
bases of symmetric partial derivative operators, namely the Schur symmetric operators, was
still not explicitly given. We give such a description here. Once our formula is established,
we encourage the reader tovigt the previous work on the subject. For example, some
resuts of [5] become conceptually simpler using our description and we see exactly why
the multiplicity of the sign representation in a row diagram with a hole is as given in
Section 4 of ). Our result can also be used to give a better description, in terms of partial
Schur polynomials, of the vanishing ideal for the diagrams considere8l.ifour hope is
that our contribution will help irdescribing the generators of the vanishing ideal for the
general cases, and this will be the subject of future work.

At first it seems thithe description of the Schur symmetric partial derivative operators
on A should follow directly from the expansion of Schur symmetric functions in terms of
Young tableaux, but this is not quite correct. One has to be careful with the effect of signs
when applying partial derivatives to lattice determinants. We thus need to re-derive this
expansion from the other basis, carefully keeping track of signs. This can be done in many
ways; hee we chose to use the method d€].

2. Basic definitions

The lattice cell in the + 1-st row andj + 1-st column of the positive quadrant of
the plane isdenoted by(, j). We ader the set of all lattice cells using the following
lexicographicorder:

(P1,q1) < (P2, G2) = qu<02 or [gp=0zandpy < p2]. (2.1)

For our purpose, dattice diagramis a finite listL = ((p1, q1), ..., (Pn, gn)) Of lattice

cells such that(p1,q1) < (p2,d2) < --- < (Pn,0On). Fdlowing the definitions and
conventions of 4], the coordinatesp; and g of a cell (p;, gi) indicate the row and
column positions, respectively, of the cell. Fot > p2 > --- > uk > 0, we say that

w = (1, m2, ..., uk) is apartition of nif n = pu1+- - -+ uk. We associate with a partition

u the following lattice (Ferrers) diagrafdi, j) : 0 <i <k—-21,0< | < ujy1 — D),
digtinct cells ordered withZ.1), and we use the symbal for both the partition and

its associated Ferrers diagram. For example, given the partition (4, 2, 1), its Ferrers
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