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Abstract

Let J#4(6n) be the Iwahori-Hecke algebra of the symmetric group defined over the ring
719, q~1]. Theg-Specht modules 0574 (6n) come equipped with a natural bilinear form. In this
paper we try to compute the elementary divisors of the Gram matrix of this form (which need not
exist snceZ[q, g1 is not a principal igal domain). When they are defined, we give the relationship
between the elementary divisors of the Specht mod&jés) and (1), wherel is the @njugate
partition. We also compute the elementary divisors whéa a hook padition and give examples to
show that in general elementary divisors do not exist.
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1. Introduction and statement of main results

The irreducible representations of the symmetric groups and their lwahori-Hecke
algebras have been classified and constructed by J&inasd Dipper and Jameg], yet
simple properties of these modules, suchtasrtdimensions, are still not known. Every
irreducible representation of these algebras is constructed by quotienting out the radical of
a hblinear form on a particular type of modalknown as a Specht module. The bilinear
forms on the Specht modules are the objects of our study.
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One way of determining the dimension of the simple modules would be to first find
the elementary divisors of the Gram matrix oZgq, q—1] and then specialize. This would
also give the dimensions of the subquotients of the Jantzen filtrations of the Specht modules
over an arbitray field; see ]. In general, such an approach is not possible because, as
Andersen has shown, Gram matrices need not be diagonalizabl&fayer 1]; see [L,
Remark 5.11]. We also give some examples of non-diagonalizable Specht modules in
Section 7

Let G(1) be the Gram matrix of the Specht modB6.). Then he firstresultin this
paper shows thas () is diagonalizable if and only iG()') is diagonalizable, wherg' is
the partition conjugate td. Moreover, if G(1) is divisibly diagonalizable (that i<3 (1) is
equivalent to a diagonal matrix digdj, . . ., dy) suchthatd; dividesd; 1, for1 <i < m),
then so isG(1'). In this case we can speak of elementary divisors and we show how the
elementary divisors 06(1) andG (") determine each other. This isgganalogue of the
corresponding result for the symmetric gro@h [

We next consider the elementary divisors for the hook partitions. We show that when
A = (n—k, 1%, for 0 < k < n, the Grammatiix G(}) is always divisibly diagonalizable
overZ[q, q~1], and wedetermine the elementary divisors. Again, this ig-analogue of
the corresponding result for the symmetric groug§ jhowever, the poof in the Hecke
algebra case is more involved and requires some interesting combinatorics.

2. The Hecke algebra and permutation modules

Fix a positive integen and let&,, be the symmetric group of degrae
Let R be a commutative domain and gbe an invertible element iR.
The lwahori—Hecke algebra @, with parameteq is the unital associative algebr&

with generatord, To, ..., Tp—1 and relations
(T—-a(Ti+1DH =0 forl<i <n,
TiTy = TjT forl<i<j—1<n-1,

TiTixaTi = TiaTTipa forl<i<n-—1

Letri = (i,i +1),fori =1,2,...,n— 1. Then{r1,r2,...,rn—1} generate&sS, (as a
Coxeter group). Ifw € &y thenw = rj, ---rj, for someij with 1 < i; < n. The word
w =Tj, ---Ij, isreduced if k is minimal; in this case we say that haslength k and we
definet(w) = k.

If ri, - - -ri, is reduced then we sé&, = T, ---Tj,. ThenT, is indegpendent of the
choice of reduced expression for see, for example,J0, 1.11]. Furthermore/Z is free
as anR-module with basigT,, | w € Gp}.

A composition p of n is a quence of non-negative integérs, w2, . ..) that sum to
n. If, in addition, u1 > w2 > ..., thenu is apartition of n.

Let 4 be a mmpostion of n and let&,, be the associated Young subgroup. Then
H(6,) = (Ty | w € &,) is a subalgbra of 5#. Given a(right) 5 (&, )-moduleV,
we define he induced”’-module

Indﬁg(@)(V) =Vowe,) .
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