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Abstract

Let I' denote a near polygon distance-regular graph with dianwter 3, valencyk and
intersection numberg; > 0, ¢y > 1. Let61 denote the second largest eigenvalué’ofVe show

k—a—c

01 <
1= co—1

We show the following (i)—(iii) are equivalent. (i) Equality is attained above; [(iils Q-polynomial
with respect td; (iii) I" is adual polar graph or a Hamming graph.
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1. Introduction

Let I" denote a near polygon distance-regular graph with diandeteB (seeSection 2
for formal definitions). Suppose the intersection numbkars> 0 andc; > 1. It was
shown ly Brouwer, Cohen and Neumaier that/if has classical paramete(d, g, O, 8)
then!" is a Hanming graph or a dual polar grap® [Theorem 9.4.4]. The same conclusion
was obtained by the second author under the assumption th&Q-polynomial and has
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diameterd > 4 [10, Corollary 5.7]. Let6p > 61 > --- > 6y denote the eigenvalues 6f
It is known thatfy = k, wherek denotes the valency df. By [2, Proposition 4.4.6(i)],

k

O > ——,
d a+1

with equality if and only ifI" is a near #-gon. We now state our result.

Theorem 1.1. Let I" denote a near polygon distance-regular graph with diameter d > 3,
valency k, and intersection numbersa; > 0, ¢; > 1. Let ; denote the second largest
eigenvalue of I'. Then

k — a — C
0 < ————. 11
1= &1 (1.1)
Moreover, the following (i)—(iii) are equivalent.
(i) Equalityisattainedin (1.2);
(i) I'is Q-polynomial with respect to 61;

(i) I' isadual polar graph or a Hamming graph.

2. Preliminaries

In this section we review some definitions and basic concepts. See the books by Bannai
and Ito [1] or Brouwer et al. 2] for more background information.

Let I' = (X, R) denote a finite, undirected, connedtgraph without loops or multiple
edges, withvertex setX, edge setR, path-length distance functiord and diameter
d =maxd(x,y) | X,y € X}. Forx € X and for all integers, set

Lix):={ylye X, o(x,y) =i}.

Letk denote a nonnegative integer. We gaig regular with valency k whenevelf ' (x)| =
k for all x € X. Pick aninteger (0 <i < d). Forx € X and fory € [j(x), set

B(x,y) == I1(X) N Ii41(y), (2.1)
A(X,y) == I'1(x) N Ii(y), (2.2)
C(x,y) := () N Ii—a(y). (2.3)

The graphl” is said to balistance-regular whenever for all integeris(0 < i < d), and for
all x, y € X with 9(x, y) =i, thenumbers
¢ = |C(X, Y, a = |AX, Y, bi == [B(X, y)I (2.4)

are independent ofandy. Wecall theg;, &, b theintersection numbersof I'. Weobserve
co = 0,80 = 0,by = 0 andc; = 1. For the rest of this paper we assumeés distance-
regular with diameted > 3. We observel is regular with valenc& = bp and that
[2, p. 126]

c+a+b=k (0<i=<d). (2.5)
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