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Abstract

We pregnt the model construction technique callédear Realizability It consigs in building a
category ofPartial Equivalene Reldionsover aLinear Combinatory AlgebraWe illustrate how it
can be used to provide models, which iy completefor various typedi-calculi. In particular, we
focus on special Linear Combinatory Algebraspafrtial involutions and wepresent PER models
over them which are fully complete, inter alia, w.r.t. the following languages and theories: the
fragment of §stem F conisting of ML-types, themaximal theoryon the simply typed.-calculus
with finitely manyground constants, and the maximal theory orirdimitary version of his leter
calculus.
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Introduction

The aim of this paper is to illustrate the techniqud.ofear Realizabilityfor building
fully completemodels for various typed-calculi. This paper combines and expands
previous works by the author$g{11].

A categoricalmodel of a type theory (or logic) is said to bdly complete 6] if, for
all types(formulae) A, B, all momphismsf : [A] — [B]), from the interpetaion of
A into the interpretation oB, are deotations of groof-termof the enailmentA + B,

i.e. if the interpretation function from theategory of syntacticadbjects to the category

of denotations idull. The notion of full completeness is a counterpart to the notion
of full abstractionfor programming languages. Besides full completeness, one can ask
the question of whether ¢htheory induced by a modeM coincides precisely with the
syntactical theory or whether more equations are satisfiedinA model M is called
faithful if it realizes exactly the syntactical theory.

A fully complete model indicates that theea very tght connection between syntax
and semantics. Equivalently, one can say that the term model has been made into a
mathematically respectable structure.

Over the past decade, Game Semantics leas lised successfully by various authors
to define fully complete models for vans fragments of Linear Logic, and to give
fully abstract models for many programming languages, including F¢][ and other
functional and non-functiomdanguages. In this paper, we propose the techniglieesr
realizability as a valid and less complex alternatio Game 8mantics in providing fully
complete and fully abstct models for typed-calculi.

The linear (linear affine)aalizability techniqgue amounts tonstructing a category of
Partial Equivalence Relations (PERsYer aLinear Combinatory Algebra, LCAAffine
Combinatory Algebra, ACA)This category turns out to beear (affine), and to form
anadjoint modebwith its co-Kleisli category. The notion of Linear (Affine) Combinatory
Algebra introduced by the first autho®][refines he standard notion of Combinatory
Algebra, in the same way in which intuitiotis linear (affine) logic efines intuitionistic
logic. The construction of PER models from LCAs (ACAs) described in this paper is
quite simple and clear, and it yields models wékensionalityproperties, thus avoiding
extra quotienting operations, which are often needed in defining game categories and
models. Many exampled tinear combinatory algebras arise in the context of Abramsky’s
categorical version of GirardGeometry of Interactior5,2,1,13].

In order to illustrate the technique of linear realizability, we present a number of case
studies of fully complete wdels for various typed-calculi. These models arise from
special ACAs ofpartial involutions and they are efined in the co-Kleisli category of the
category of PERs on them. The models which we study are the following:

(1) A fully complete (and necessarily faithful) model for the fragment of System F (with
the Bn-theory) consisting oML-polynorphic types ML-types are universal closures
of simple types, i.e. types of the forvXq ... X,.T, whereT is V-free.

(2) A fully complete model for themaximal theory= on the simply typed.-calculus with
two ground constantd, T. This model turns out to be fully complete also for an
infinitary version of ths calculus.
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