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Abstract

We study the infinitely definable subgroups of the additive group in a separably closed field
of finite positive imperfection degree. We give some constructions of families of such subgroups
which confirm the diversity and the richness of this class of groups. We show in particular that there
exists a locally modular minimal subgroup such that the division ring of its quasi-endomorphisms is
not a fraction field of the ring of its definable endomorphisms, and that in contrast there®¥xist 2
pairwise orthogonal locally modular minimal subgroups whose induced structure is exactly that of an
Fp-vector space. We also show that there exist infinitely many pairwise orthogonal subgroups of
infinite U-rank. Furthermore, thesonstructions are carried out in the additive group considered as
a module over its ring of definable endomorphisms.
© 2004 Elsevier B.V. All rights reserved.
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0. Introduction

We consider the class of infinitely definable subgroups (of a finite cartesian product) of
the additive group in a separably closed fiéldf characteristicp and of finite positive
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imperfection degree (i.e.[L : LP] = p"). Note that every infinitely definable subgroup
of a cartesian product @L, +) is definably isomorphic to a subgroup df, +) because
(pr”k, +) is definably ismorphic to(L, +) for everyk > 0. Moreover all conmutdive
infinitely definable subgroups of expongmarise in this manner.

Our basic motivation for studying this class is that it is quite rich, hence a good place
to look for examples and counter-examgpfer some still mysterious phenomena in the
context of stability. Recall that, in contrast with the cases of algebraically closed fields
(of any characteristic) and of differentiallyoded fields of charagetistic O, this class
includes locally modular minimal additive subgroups. Moreover,3j Bouscaren and
Delon answer positively the question of the existence of a non-thin minimal subgroup of
(L,+) (i.e. a minimal subgroup with infinite transcendence degree). Some of the main
questions we had in mind when we began the study of this class were the following:

e What are the induced structures on these groups when they are one-based?

o What are the quasi-endomorphism division rings and the endomorphism subrings of
these groups when they are minimal?

e Can we findRg-categorical groups?

e Can we find ranked groups of infinitd -rank?

In Section 2 we show hat, as in algebraically closed fiils, every infinitely definable
subgroup (of a cartesian product) of the additive group is defined by additive equations.

In Section3 we gudy the module structure ofL,+) over the rhg of all
endomorphisms definable over an elementary substruétude paticular, we observe
that if G is a one-based infinitely definable subgroup (of a cartesian product) of)
overK, then he structure induced o8 by the fieldL is exactly the structure induced by
the module structure ofL, +).

It is well known that the geometry associated with a locally modular minimal group
G is the geometry of a vector space over the quasi-endomorphism rir@g. dlowever
the geometry doesot give the full induced structurén fact, the relation between the
geometry and the induced structure turns out to be complicated in the case of a bounded
exponent group (seelp]). In Section 4 we dhow that there exists a locally modular
minimal subgroup of L, +) whose quasi-endomorphism division ring is not a field of
fractions of its endomorphism subring. In the class of minimal subgrougk ,of), we
can see the local modularity on the quasi-endgwhism division ring but not necessarily
on the endomorphism subring. Finally, we construct a familyg@ftategorical minimal
subgroups of L, +) whose induced structure is exactly that offgvector space.

In Section 5we answer positively the question of the existence of ranked subgroups of
infinite U -rank.

1. Preliminaries

We assume that the reader is familiar with the basic notions and facts of stability theory
(see B or [21]). We will recall most of the definitions and results on stable groups which
we use. Others, including basic facts about the generics in a stable group, can be found in
[22,21] or [24].
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