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A B S T R A C T

Phase-field studies of solid-state precipitation under strong chemo-mechanical coupling are performed and
benchmarked against the existing analytical solutions. The open source software packages OpenPhase and
DAMASK are used for the numerical studies. Solutions for chemical diffusion and static mechanical equilibrium
are investigated individually followed by a chemo-mechanical coupling effect arising due to composition de-
pendence of the elastic constants. The accuracy of the numerical solutions versus the analytical solutions is
quantitatively discussed. For the chemical diffusion benchmark, an excellent match, with a deviation<0.1%, was
obtained. For the static mechanical equilibrium benchmark Eshelby problem was considered where a deviation
of 5% was observed in the normal component of the stress, while the results from the diffuse interface
(OpenPhase) and sharp interface (DAMASK) models were slightly different. In the presence of the chemo-me-
chanical coupling, the concentration field around a static precipitate was benchmarked for different coupling
coefficients. In this case, it is found that the deviation increases proportional to the coupling coefficient that
represents the strength of coupling concentration and elastic constants. Finally, the interface kinetics in the
presence of the considered chemo-mechanical coupling were studied using OpenPhase and a hybrid
OpenPhase–DAMASK implementation, replacing the mechanical solver of OpenPhase with DAMASK’s. The
observed deviations in the benchmark studies are discussed to provide guidance for the use of these results in
studying further phase transformation models and implementations involving diffusion, elasticity and chemo-
mechanical coupling effect.

1. Introduction

Modelling and simulation has become an indispensable tool in mate-
rials science and engineering, offering tremendous potential to under-
stand, study and design future materials. Advanced full-field simulation
techniques and mean-field modelling are especially beneficial in material
design to establish processing↔ microstructure↔ properties relations. In this
regard, the current trend of developing multi-physics simulation tools,
enhanced by cluster supercomputing and statistical analysis, enables the
investigation of coupled thermo-chemo-mechanical phenomena [1–3].
Quantitative modelling and simulation of various coupled physical phe-
nomena can be regarded as the next challenge in this context. Among
several full-field approaches, the phase-field method has demonstrated its

remarkable ability to treat physically sound studies [4–11]. In particular,
the multi-phase-field approach [12–17] has been successfully applied to
study complex microstructure evolution such as in solidification [18,19],
recrystallization [20–22], particle pinning [23–25], precipitation during
aging [26–30] and, grain growth on the micro- [31–35] and nano-scales
[36,37]. As individual microstructure evolution mechanisms may either
compete or reinforce each other, the coupling between different physical
phenomena and their effects on the microstructure and phase evolution
become increasingly significant. Moreover, the various nonlinear modes of
interaction between different physical phenomena render the validation of
the models a challenging task, as even rough estimates for kinetics and
equilibrium states are often not available. To address this issue, the pro-
vision of carefully selected benchmarks—systematically derived from the
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isolated treatment of individual effects—is required to ensure (i) the ac-
curacy of numerical solutions compared to the analytical solution for each
individual effect and (ii) to specify uncertainties due to numerical tech-
niques in a multi-physics (coupled) framework. In the current study, a set
of such benchmark problems related to chemo-mechanical coupling pro-
blems and their reference solutions obtained by open source software
packages OpenPhase [38,39] and DAMASK [40,41] are presented.

While most models and their implementation are (hopefully) vali-
dated and benchmarked against known solutions, these efforts are
usually either not published at all or only briefly discussed as a subsec-
tion in a model presentation, that makes it difficult to readily apply
benchmarks when developing or extending existing implementations.
Some attempts, however, have been made to present reference bench-
mark solutions for materials modelling. Zhang et al. [42] and Münch
[43], for instance, have benchmarked the meshing issues regarding
phase-field modelling using finite element techniques. In a systematic
effort, the Center for Hierarchical Materials Design (CHiMaD) and the
National Institute of Standards and Technology (NIST) are developing a
set of benchmark problems for phase field models [44]. The first set of
these benchmarks was published in 2017 by Jokisaari et al. [45], con-
sisting of an Ostwald ripening model and a spinodal decomposition
model with different geometries of simulation domain and two different
adaptive time stepping techniques. The second set of benchmarks [46]
comprises a study of dendritic growth model and a multiphysics model
for an elastically constrained precipitate, where the bifurcation of pre-
cipitate shape versus the ′L parameter (characteristic ratio between
elastic and interfacial energies [47]) is stressed. On the dendritic growth,
similar benchmark studies was conducted by Karma and Rappel [48] in
developing quantitative phase-field schemes for solidification studies. In
this work we present and apply benchmarks on solid-state precipitation,
similar to the latter benchmarks of Jokisaari et al. [46], but with a focus
on a chemo-mechanical coupling effect that features cross-coupled nu-
merical solutions for diffusion and mechanical problems.

Precipitation hardening plays a critical role in enhancing mechanical
properties of engineering alloys [49]. This typically includes diffusion-
controlled nucleation and growth of a secondary-phase from a super-
saturated matrix that is followed by a subsequent competitive ripening
process. While formation of interfaces suppresses the growth, the che-
mical energy difference between the saturated matrix and the pre-
cipitates drives the precipitation reaction. In the solid-state, precipitation
is often accompanied by transformation strains which results in stresses
within and around precipitates. Depending on the local geometry and
volume fraction of the precipitates, stresses can either suppress or re-
inforce precipitation kinetics. As a result of such long-range diffusion and
elastic interaction effects, precipitation process becomes a complex,
nonlinear problem [50]. Furthermore, a mutual coupling between the
stress/strain and concentration fields can also influence the precipitation
process that is the focus of this benchmarking study.

The chemo-mechanical coupling effects during precipitation are
expected as composition gradients and strain/stress field evolve and
interact at the transformation front, simultaneously. As a model system,
we consider here the formation of a ′δ precipitate (Al3Li) in the binary
Al-Li system in which a significant coupling effect, arising due to the
composition dependence of elastic constants, was found earlier [28,29].
This kind of chemo-mechanical coupling, i.e. composition dependence
of elastic constants, was indeed discovered long ago [51] but neglected
until recently when its effect on the equilibrium concentration profile
around a precipitate has been discussed [52] and applied for studying
precipitation in NiTi shape memory alloys [27]. Similar coupling effects
manifest themselves in different processes such as bainitic transfor-
mation [53], adsorption [54] and shape memory effects [27,55]. Cur-
rently, chemo-mechanical coupling effects in metals and polymers are
the subject of the priority research programme, SPP1713 [56], initiated
by the German Research Foundation (DFG). The current benchmark set-
ups are thought as simple and ensured starting points for numerical
studies in the broad community of researchers working on chemo-

mechanics problems within and beyond the SPP1713 programme.
In this study, a systematic benchmarking approach—that is hopefully

also useful for studying similar problems—is considered in which we first
separate the problem of precipitation into diffusion of a second species
and mechanical equilibrium, then consider the combined solution of
these two problems, i.e. diffusion and mechanical equilibrium with
mutual coupling [52], and finally investigate precipitate formation. In
the following, the theory and modelling of chemo-mechanical coupling
are presented in Section 2. The software packages OpenPhase and DA-
MASK and a hybrid OpenPhase–DAMASK implementation are briefly
introduced in Section 3. The set-up and details of the simulations are
presented in Section 4. For the diffusion problem a 1D diffusion couple
with a concentration contrast is studied. For elastic equilibrium we
consider an inclusion with volumetric expansion and contraction
(Eshelby problem). Using these two solvers, the chemo-mechanically
coupled relaxation around a static precipitate is discussed. Finally, as an
application to our benchmarks, phase-field study of precipitation kinetics
in the presence of chemo-mechanical coupling effects (Section 4.4) is
presented. The results of the benchmarks are discussed in Section 5.

2. Theory and modelling

In this section, first a description of a chemo-mechanical effect, that
is the focus of the study, is given. Then, this model is inserted into the
phase-field formalism as presented in the following subsections. The
free energy functional for a domain Ω can be written as
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where fintf , fchem, and felas are the interfacial, chemical and elastic free
energy densities, respectively. These are the energetic contributions of
interest in the current benchmark study, but further contributions can
be considered in the same formalism. The evolution of a phase α is
modelled in terms of the evolution of a non-conserved phase-field
variable, ϕ x t( , )α , using a generalized form of the time dependent
Ginzburg-Landau equation [12,13]:
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where L is the interface mobility, Nϕ is the total number of phase-fields
and δ indicates functional derivative. The phase-field variables are
constrained with ∑ == ϕ 1i

N
α1

ϕ . In the absence of convection, the solute
atoms redistribute in the system only through diffusion. In a closed
system this results in the following continuity equation:

= −∇ = ∇ ∇c M δF
δc

J̇ · · (3)

where c is solute concentration field, J is the solute flux,M the mobility of
the solute atoms, and δF

δc
is the diffusional potential. Eq. (3) drives solute

redistribution to reduce the spatial contrast in the total free energy, F.
Here, the chemo-mechanical interaction results from a mechanical con-
tribution to the solute flux, a scenario that extends the classical Fick’s laws
to consider the influence of micromechanical effects. A well-known case
of such an interaction occurs when the size difference between solute and
solvent atoms results in a local distortion. For a dilute solid solution this
effect can be approximated by the linear rule of mixtures referred to as
Vegard’s law. This effect has been extensively discussed in previous stu-
dies concerning phase transformation kinetics [57–61].

A lesser known chemo-mechanical interaction phenomenon, that is
considered in the current benchmark study, arises when the elastic
stiffness of a material depends on its local composition. In the solid-
state, the atomic bonds between the solute and solvent atoms, which
are responsible for the material behaviour in the presence of a small
deformation, are composition-dependent. Thus a variation in bonding
strength, represented here by the elastic constants, is expected if the
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