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a b s t r a c t

A pin-by-pin power reconstruction method was developed using the expansion in eigenfunctions for the
reconstruction of neutron flux distribution in a homogeneous fuel assembly. The eigenfunctions used
were the so-called pseudo-harmonics, which are eigenfunctions associated with the leakage plus removal
operator of the neutron diffusion theory. The modulation technique was used to obtain the heteroge-
neous distribution of power density. In this technique, the power density homogeneous distribution, cal-
culated with the reconstructed neutron flux is multiplied by a form function. This form function is
obtained in the calculation of assembly homogenization. The results obtained by this method show good
agreement between the reconstructed pin-by-pin power and that of the reference heterogeneous calcu-
lation, for the benchmark used. The largest deviation found was of the order of 4.7%, in a peripheral cell of
a fuel element with the faces towards the region of the baffle/reflector.

� 2018 Elsevier Ltd. All rights reserved.

1. Introduction

Modern nodal methods, such as the Nodal Expansion Method
(NEM) (Finnemann et al., 1977) are quite fast and very accurate,
but provide only average flux values (in node volume and sur-
faces), in addition to the effective multiplication factor.

However, for safety analysis (Todreas and Kazimi, 2001) it is
necessary to know the power distribution in each fuel assembly
(at least the average in each fuel pin cell) Therefore, it is necessary
to use a pin-by-pin power reconstruction method, after nodal
calculations.

Over the last 40 years several pin-by-pin power reconstruction
methods have been developed (Koebke and Wagner, 1977; Koebke
and Hetzel, 1985; Rempe et al., 1988; Böer and Finnemann, 1992;
Joo et al., 1999; Jung and Cho, 1991; Joo et al., 2009; Yu et al., 2010,
2010,; Pessoa et al., 2015; Pessoa et al., 2016). These methods use
from polynomial expansions to analytical solutions of the diffusion
equation to obtain neutron flux distribution of a homogeneous fuel
assembly. Some methods such as, for instance, those of the refer-
ences (Koebke and Wagner, 1977; Koebke and Hetzel, 1985;
Rempe et al., 1988; Böer and Finnemann, 1992; Joo et al., 1999;
Joo et al., 2009; Yu et al., 2010, 2010,; Pessoa et al., 2015) make
use of the modulation technique (Koebke and Wagner, 1977)

and, consequently, use nuclear parameters from the assembly
homogenization process (Koebke, 1978; Smith, 1986), from which
the form functions are also derived. On the other hand, the meth-
ods that do not use the modulation technique, use nuclear data of
the homogenized pin cell (Jung and Cho, 1991; Pessoa et al., 2016).

The reconstruction method developed, and presented in this
paper, uses nuclear parameters of the homogenized fuel assembly
and, consequently, the modulation technique. In addition, the
results of the reactor global calculation, carried out with the nodal
method NEM with either, the average flux in the node volume, the
average partial currents on the node surfaces or the effective mul-
tiplication factor, are also used. It is noteworthy that the nodal cal-
culations are carried out for nodes with the same dimensions of the
fuel assembly’s base area and heights of 30–40 cm.

The pseudo-harmonics (Gomit et al., 1985; Silva et al., 1987;
Abreu et al., 1989; Abreu et al., 1990) are calculated for each node,
after integration along its height, i.e., only in (x,y). The pseudo-
harmonics are the eigenfunctions used in the expansion for the cal-
culation of neutron flux distribution in the node (homogeneous
fuel assembly). As the pseudo-harmonics are eigenfunctions asso-
ciated with the leakage plus removal term of the neutron diffusion
theory, the equation of two-dimensional neutron diffusion is used
in the calculation of the expansion coefficients. It must be high-
lighted that this procedure is carried out for each node in which
the fuel assembly was divided in the axial direction.

It should be noted that the pseudo-harmonic method was orig-
inally conceived by Gomit et al. (1985), however, since the second
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half of the 1980s, it has been modified to improve performance, as
can be seen in Silva et al. (1987), Abreu et al. (1989) and Abreu
et al. (1990) and cited by Planchard (1995), which highlights the
advancement of the method originally developed by him. Thus,
the reconstruction method presented in this article uses the
pseudo-harmonics of this improved calculation (Silva et al.,
1987; Abreu et al., 1989).

In addition, the method proposed in this paper uses an analyt-
ical solution of the two-dimensional diffusion equation only to
generate flux distribution on the surfaces of the homogeneous fuel
assemblies. The surface net currents of each node as well as the
homogeneous fluxes in the corners of those nodes were also used
in the calculations as boundary conditions to obtain the analytical
solution. The flux in each node corner is an essential information
for some reconstruction methods (Rempe et al., 1988; Böer and
Finnemann, 1992; Pessoa et al., 2015). In the proposed method,
flux calculation in the corners uses the method of Rempe et al.
(1988) modified.

Therefore, the pin-by-pin heterogeneous power density recon-
struction method, using the expansion in pseudo-harmonics will
be called, from now on, PHRM. The innovative proposal of the
PHRM is to generate homogeneous flux distribution inside each
homogeneous fuel assembly using an expansion in pseudo-
harmonics in combination with the analytical solution of the diffu-
sion equation and the modified method by Rempe et al. (1988), for
the calculation of the flux in the node corners.

This paper is organized as follows: Section 2 presents the
approach of neutron diffusion equation discretization, for the cal-
culation of pseudo-harmonics. How the coefficients of expansion
in pseudo-harmonics are determined is the subject of Section 3.
The determination of flux distribution on the surfaces of the homo-
geneous fuel assembly is presented in Section 4. On the other hand,
the distribution of the reconstructed pin-by-pin is presented in
Section 5. The details of the benchmark used as well as the results
of the method developed are presented and discussed in Section 6.
Final considerations and conclusions are given in Section 7.

2. Homogeneous flux expansion in Pseudo-Harmonics

Neutron flux distribution, for two energy groups, in each node
of a fuel assembly, after integration along the height of the node,
is the solution of the following equation:

�Dg
@2

@x2
/g;homðx; yÞ � Dg

@2

@y2
/g;homðx; yÞ þ RRg/g;homðx; yÞ

¼ 1
keff

vg

X2
g0¼1

mRfg0/g0 ;homðx; yÞ þ
X2
g0¼1
g0–g

Rg0!g
s /g0 ;homðx; yÞ ð1Þ

where:

RRg ¼ Rag þ
X2
g0¼1
g0–g

Rg!g0
s þ DgB

2
z ; ð2Þ

with B2
z given by

B2
z � J

�
gzr � J

�
gz‘

az/
�
g

; ð3Þ

where az is the height of the node and /
�
g the average flux in the

node volume, while J
�
gz‘ and J

�
gzr are the average net currents in

the node lower and upper surfaces, respectively. The magnitudes

keff (present in Eq. (1)), /
�
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gus; for u ¼ x; y; z and s ¼ ‘; r, are

derived from the nodal calculation using the NEM method. In addi-

tion, the nuclear parameters (uniform) that appear in Eqs. (1) and
(2) are the same used in coarse-mesh nodal calculation.

For the calculation of the homogeneous flux distribution, which
will be used in pin-by-pin power reconstruction, Eq. (1) is dis-
cretized by finite differences, with scheme centered on the mesh
(Nakamura, 1977). Thus, for a N � Nmesh, where N2 is the number
of pin cells in the fuel assembly, the following system of equations
is obtained:
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where the matrices Bg , Fgg0 and Sgg0 represent the discretization of
the leakage plus removal, fission and scattering terms, respectively.
While
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where Acel is the area of the pin cell. Vector /
g
is a column matrix

with N2 rows, of the following form:
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where /
�
i;j
g;hom represents the average flux in the pin cell (i,j). On the

other hand w
gus

; for u ¼ x; y and s ¼ ‘; r, is a column matrix with N

rows whose components are shown in Fig. 1. Matrices Lus are filled
with zeros, except for elements (i,j), which are equal to 1, where wi;j

gus

contributes to /
�
i;j
g;hom.

The solution of Eq. (4) is obtained using an expansion in
pseudo-harmonics, of the following form:
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where M ¼ N2 and Cg;n, the pseudo-harmonics (column matrices
with M rows), are solutions of the following eigenvalue problem:
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Fig. 1. Homogeneous FA discretized in meshes identical to pin cells.
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