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RESUME

Nous étudions le polynome donné par le déterminant 3 x 3 et décrivons I'adhérence de
I'ensemble des polyndmes obtenus par changements de variables linéaires a partir de ce
déterminant, ce qui répond a une question de Joseph M. Lansberg.

© 2016 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

0. Introduction

Mulmuley and Sohoni [11] propose, in their geometric complexity theory, to study the geometry of the orbit closure of
some polynomials under linear change of variables, and especially, the determinant polynomial. Yet, very few explicit results
describing the geometry are known in low dimension. The purpose of this work is to describe the boundary of the orbit of
the 3 x 3 determinant, that is, the set of limit points of the orbit that are not in the orbit.

Let dets be the polynomial

def X1 X2 X3

e

det3 =det| x4 x5 x5 | € C[x1,...,X9],
X7 X3 X9

which we consider as a homogeneous form of degree 3 on the space C3*3 of 3 x 3 matrices, denoted W. Let C[W]3
denote the 165-dimensional space of all homogeneous forms of degree 3 on W. The group GL(W) acts on C[W]3 by right
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composition. For a nonzero P € C[W 3, let Q(P) denote the (projective) orbit of P, namely the set of all [P oa] € P(C[W]3),
with a € GL(W). The boundary of the orbit of P, denoted dQ2(P), is Q(P) \ Q(P), where Q(P), denoted also Q(P), is the
Zariski closure of the orbit in P(C[W]3).

Our main result is a description of 92(det3) that answers a question of Landsberg [10, Problem 5.4]: the two known
components are the only ones. In §1, we explain the construction of the two components. Our contribution lies in §2 where
we show that there is no other component.

Theorem 1. The boundary <2 (dets) has exactly two irreducible components:

o The orbit closure of the determinant of the generic traceless matrix, namely

X1 X2 X3
def
Py =det| x4 X5 X6 ;
X7 X§ —X1—X5

o The orbit closure of the universal homogeneous polynomial of degree two in three variables, namely

def
Py = X4~X%+X5 -X%+X6-X%+X7 - X1X2 + X8 - X2X3 + X9 - X1X3.

The two components are different in nature: the first one is the orbit closure of a polynomial in only eight variables
and is included in the orbit of [det3] under the action of End W; the second is more subtle and is not included in the
End W -orbit of [det3]. Both components have analogues in higher dimension and some results are known about them [9].

1. Construction of two components of the boundary

For P € C[W]3 \ {0}, let H(P) C GL(W) denote its stabilizer, that is

HPP) ¥ (aeGLW) | Poa=P).

The stabilizer H(dets) is generated by the transposition map A — AT and the maps A — UAV, with U and V in SL(C3) [3].
Lemma 2. For any P € C[W 3, dim Q(P) = 80 — dim H(P). In particular, dim 2 (det3) = 64 and dim Q(P1) = dim Q(P3) = 63.

Proof. An easy application of the fiber dimension theorem to the map a € GL(W) > P oa € C[W]3 gives that the dimension
of the orbit of P in C[W]3 is 81 —dim H(P). Since the projective orbit in P(C[W]3) has one dimension less, the first claim
follows.

The stabilizer H(dets) has dimension 16, hence dim 2 (det3) = 64. To compute the dimension of H(P;), 1 <i < 2, one
can compute the dimension of its Lie algebra defined as

T H(P;) = [a € End(W) ‘ P(x+ ta(x)) = P(x) + O(tz)] .

It amounts to computing the nullspace of a 165 x 81 matrix, which is easy using a computer. O
Lemma 3. The boundary 02 (dets) is pure of dimension 63.

Proof. Let 2'(det3) be the affine orbit of dets in C[W]3 under the action of GL(W). It is isomorphic to GL(W)/H (dets3),
which is an affine variety because H(det3) is reductive [12, §4.2]. Therefore Q’(dets3) is an affine open subset of its closure,
it follows that the complement of ©’(dets) in its closure is pure of codimension 1 [7, Corollaire 21.12.7], and the same holds
true after projectivization. O

Let ¢ be the rational map
@ :[a] e P(End W) --» [det3 o a] € Q(det3). (1
Let also Z be the irreducible hypersurface of P(End W)

7% [a] e PEnd W) | det(a) = 0}.

Note the difference between dets o a, which is a regular function of W, and det(a), which is a scalar. The indeterminacy
locus of ¢ is a strict subset of Z. By definition, 2(det3) = ¢(P(End W) \ Z). Let ¢(Z) denote the image of the set of the
points of Z where ¢ is defined.

Lemma 4. The closure ¢ (Z) is an irreducible component of 32 (dets). Furthermore ¢(Z) = Q(P1).
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