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We propose a randomized polynomial time algorithm for 
computing non-trivial zeros of quadratic forms in 4 or 
more variables over Fq(t), where Fq is a finite field of odd 
characteristic. The algorithm is based on a suitable splitting 
of the form into two forms and finding a common value they 
both represent. We make use of an effective formula for the 
number of fixed degree irreducible polynomials in a given 
residue class. We apply our algorithms for computing a Witt 
decomposition of a quadratic form, for computing an explicit 
isometry between quadratic forms and finding zero divisors in 
quaternion algebras over quadratic extensions of Fq(t).

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

In this paper we consider algorithmic questions concerning quadratic forms over Fq(t)
where q denotes an odd prime power. The main focus is on the problem of finding a 
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non-trivial zero of a quadratic form. The complexity of the problem of finding non-trivial 
zeros of quadratic forms in three variables has already been considered in ([4], [8]). 
However the same problem concerning quadratic forms of higher dimensions remained 
open.

Similarly, in the case of quadratic forms over Q, the algorithmic problem of find-
ing non-trivial zeros of 3-dimensional forms was considered in several papers ([5], [9]) 
and afterwards Simon and Castel proposed an algorithm for finding non-trivial zeros of 
quadratic forms of higher dimensions ([18], [3]). The algorithms for the low-dimensional 
cases (dimension 3 and 4) run in polynomial time if one is allowed to call oracles for 
integer factorization. Surprisingly, the case where the quadratic form is of dimension 
at least 5, Castel’s algorithm runs in polynomial time without the use of oracles. Note 
that, by the classical Hasse–Minkowski theorem, a 5-dimensional quadratic form over Q
is always isotropic if it is indefinite.

Here we consider the question of isotropy of quadratic forms in 4 or more variables 
over Fq(t). The main idea of the algorithm is to split the form into two forms and find 
a common value they both represent. Here we apply two important facts. There is an 
effective bound on the number of irreducible polynomials in an arithmetic progression 
of a given degree. An asymptotic formula, which is effective for large q, was proven by 
Kornblum [10], but for our purposes, we apply a version with a much better error term, 
due to Rhin [15, Chapter 2, Section 6, Theorem 4]. However, that statement is slightly 
more general; hence we cite a specialized version from [20]. A short survey on the history 
of this result can be found in [6, Section 5.3]. The other fact we use is the local-global 
principle for quadratic forms over Fq(t) due to Rauter [14].

Finally we solve these two equations separately using the algorithm from [4] and 
our Algorithm 1 in the 5-variable case. In the 4-dimensional case we are also able to 
detect if a quadratic form is anisotropic; note that a 5-dimensional form over Fq(t) is 
always isotropic. The algorithms are randomized and run in polynomial time. We also 
give several applications of these algorithms. Most importantly, we propose an algorithm 
which computes a transition matrix of two equivalent quadratic forms.

The paper is divided into five sections. Section 2 provides theoretical and algorithmic 
results concerning quadratic forms over fields. Namely, we give a general introduction 
over arbitrary fields and then over Fq(t), which is followed by a version of the Gram–
Schmidt orthogonalization procedure which gives control of the size of the output.

In Section 3 we present the crucial ingredients of our algorithms. In Section 4 we 
describe the main algorithms and analyze their running time and the size of their output. 
In Section 5 we use the main algorithms to compute explicit equivalence of quadratic 
forms. In the final section we apply our results to find zero divisors in quaternion algebras 
over quadratic extensions of Fq(t) or, equivalently, to find zeros of ternary quadratic forms 
over quadratic extensions of Fq(t). The material of this part is the natural analogue of 
that presented in [11] over quadratic number fields.
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