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a b s t r a c t

In this paper, we define the linear complexity formultidimensional
sequences over finite fields, generalizing the one-dimensional case.
Wegive some lower andupper bounds, validwith large probability,
for the linear complexity and k-error linear complexity of multidi-
mensional periodic sequences.
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1. Introduction

One-dimensional periodic sequences with low auto- and cross-correlations have extensive ap-
plications in modern communications. Meanwhile, digital watermarking, which has been used to
provide copyright protection, certificates of authenticity, access control, audit trail and many other
security features, require multidimensional arrays (identified with multidimensional periodic se-
quences) with similar properties. There are several constructions of these objects proposed by Oscar
Moreno, Andrew Tirkel et al. [1,12,13,17].

Recently, in [6] the concept of linear complexity of one-dimensional periodic sequences has been
extended to higher dimensions, and an efficient algorithm has been given. Moreover, the numerical
results in [6] suggest that the Moreno–Tirkel arrays [13] have high linear complexity. This concept in
fact is equivalent to ours for periodic sequences, which is explained later on.
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A cryptographically strong sequence should have a high linear complexity, and it should also not be
possible to decrease significantly the linear complexity by changing a few terms of the sequence. This
leads to the concept of k-error linear complexity defined by Stamp andMartin [16], which is based on
the sphere complexity due to Ding, Xiao, and Shan [3]. Note that, in practice, changes in the bitstream
can occur due to noise, multipath, or other distortion in the wireless channel.

In this paper, continuing previous work [6], we define the linear complexity for multidimensional
sequences, including that of multidimensional arrays as a particular example and introduce the k-
error linear complexity for such sequences.We obtain some lower and upper bounds, valid with large
probability, for the linear complexity and k-error linear complexity of periodic sequences.

The paper is organized as follows: Section 2 recalls some basic definitions. The proofs of the main
results are based on some combinatorial analysis, which is included in Section 3. The main results are
presented and proved in Section 4.

2. Preliminaries

2.1. Multidimensional sequences

Let N0 be the set of non-negative integers and Fq the finite field of q elements. For any integer
n ≥ 1, an n-dimensional sequence over Fq is a mapping s: Nn

0 → Fq. We write m = (m1, . . . ,mn)
for the elements of Nn

0, and the corresponding term in the sequence s is denoted by s(m). Further, let
Fq[X1, . . . , Xn] be the polynomial ring in variables X1, . . . , Xn over Fq. Amonomial in this ring has the
form

X j
= X j1

1 . . . X jn
n ,

where X = (X1, . . . , Xn) and j = (j1, . . . , jn) ∈ Nn
0.

Let Fq[X1, . . . , Xn] act on the sequence s as follows. For any

P(X) =

∑
j

ajX j
∈ Fq[X1, . . . , Xn],

let Ps be the n-dimensional sequence defined by

Ps(m) =

∑
j

ajs(m + j).

Wedenote by I(s) the set of polynomials P ∈ Fq[X1, . . . , Xn] forwhich Ps = 0. Clearly, each polynomial
in I(s) actually represents a linear recurrence of s. In fact, I(s) is an ideal of the ring Fq[X1, . . . , Xn],
so the quotient Fq[X1, . . . , Xn]/I(s) is well defined (and is an Fq-linear space). If the quotient space
Fq[X1, . . . , Xn]/I(s) has finite dimension (say d) over Fq, we say that the sequence s is an n-dimensional
recurrence sequence of order d. We refer to the survey by Schmidt [15] for a general introduction
to this topic. When n = 1, this definition recovers the so-called linear recurrence sequence; see the
book by Everest et al. [4] for an extensive introduction. Moreover, for any ideal I , the quotient space
Fq[X1, . . . , Xn]/I has finite dimension over Fq if and only if there is a non-zero polynomial in I ∩Fq[Xi]

for each i = 1, . . . , n.
Particularly, the sequence s is said to be periodic if there is an n-tuple (T1, . . . , Tn) of positive

integers such that all the binomials XT1
1 − 1, . . . , XTn

n − 1 belong to I(s), that is, the sequence is
periodic in every dimension. Then, we call (T1, . . . , Tn) a period of s. Periodic sequences of dimension
two are called doubly-periodic sequences, a largely studied object with applications in algebraic coding
theory [5,14].

An n-dimensional array A of size T1 × · · · × Tn can be naturally extended to an n-dimensional
sequence:

sA(m1, . . . ,mn) = A(m1 mod T1, . . . ,mn mod Tn).

(Note that (T1, . . . , Tn) is a period of sA.) Conversely, we can view every periodic sequence as the
extension of an array. Hence,we can identifymultidimensional arrayswithmultidimensional periodic
sequences.

The concept of multidimensional sequences we deal with must not be confused with that of
multisequences, which consists of finitely many parallel streams of one-dimensional sequences [11].
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