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We develop a classification theory for the existence and non-existence of local in
time solutions for initial value problems for nonlinear heat equations. By focusing
on some quasi-scaling property and its invariant integral, we reveal the explicit
threshold integrability of initial data that classifies the existence and nonexistence
of solutions. Typical nonlinear terms, for instance polynomial type, exponential type
and their sums, products and compositions can be treated as applications.
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RESUME

Nous développons une théorie de classification pour I'existence ou la non-existence
de solutions locales en temps pour des problemes de valeur initiale pour des
équations de la chaleur non linéaires. En utilisant une propriété de quasi-scaling et
son intégrale invariante, nous explicitons le seuil d’integrabilité des données initiales
qui classifie I'existence et la non-existence de solutions. Les termes non linéaires
typiques, par exemple du type polynomial, exponentiel et leurs sommes, produits
et compositions peuvent étre traités comme des applications.

© 2018 Published by Elsevier Masson SAS.

1. Introduction

We consider the existence and nonexistence of solutions for the semilinear heat equation
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0w = Au+ f(u) in RN x (0,7),
uw(z,0) =ug(xr) >0 in RN,
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where 9; = 0/0t, N > 1, T > 0, ug is a nonnegative measurable initial function and f € C'([0,00)) is a
positive monotonically increasing function in (0, 00), that is,

f(s)>0, f'(s)>0 forall se (0,00). (1.2)

In what follows, for a suitable Banach space X, we say that a function u € C**(RY x (0,T)) is a classical
solution in X for the problem (1.1) if u satisfies the equation in the classical sense and ||u(t) — e ug||x — 0
as t — 0, where e/®ug denotes the solution to the linear heat equation with the initial data wuq.

It is well known that the problem (1.1) possesses a unique classical solution in L>(RY) for general
nonlinearities f € C1([0,00)) if ug € L>(RY). On the other hand, for the case ug ¢ L (R"), the existence
of solutions heavily depends on the growth rate of the nonlinear term f. One of the typical examples of f
is a power type nonlinearity, that is,

Oyu = Au + uP, reRN, t>0,
(1.3)

u(,0) = uo(x) > 0, xRV,

where p > 1. For unbounded initial data, this equation has been studied intensively since the pioneering
work of Weissler [38]. In particular it is well know that:
o if r=2%(p—1)>1orr>1satisfies r > & (p— 1), then for any ug € L"(R"), there exist a constant
T > 0 and a local in time classical solution u € C([0,7); L"(R")) for the problem (1.3).
« if 1 <7 < §(p—1), then there exists an initial function ug € L"(RY) such that the problem (1.3)
cannot possess any local in time nonnegative classical solutions.

See [1], [3], [4], [11-14], [16-19], [24], [28], [30-38] for the existence and nonexistence of solutions for nonlinear
parabolic equations and their qualitative properties. We also refer to [21] and [29], which include further
numerous references on the topic.

One of the most important properties of the problem (1.3) is an invariance property of the equation
under the scaling

un(z,t) == ArTu(Az, A%), A > 0. (1.4)

If u satisfies Oyu = Au + uP, then so does uy. Then we can find the scale invariant norm under the scaling
(1.4). In fact, [lux(-,0)[|Lr @~y = |lu(-,0)||r®~y if and only if r = 7.. Therefore, the critical exponent r. :=
%(p — 1), which gives the classification of the existence and nonexistence of solutions for the problem (1.3),
arises from the scale invariance property. Although this scaling property for the equation is absent in the
problem (1.1) in general, we are still able to propose an integral quantity, invariance of which under suitable
transformations generalizes the scaling (1.4). In this paper, we focus on the quasi-scaling proposed by
the first author in [8], and study the threshold integrability of ug in order to classify the existence and
nonexistence of solutions for (1.1), which is determined by the behavior of f(s) as s — oo. To this end, we

introduce the quasi-scaling:

uy(x,t) == F~! [/\72F(u()\517, )\Qt))} (A>0), where F(s):= / fczZ) (1.5)

and F~! is the inverse function of F. We note here that the transformation (1.5) does not preserve the
equation (1.1). In fact, for a solution u of (1.1), the function w) defined by (1.5) satisfies
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