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A smooth complex variety satisfies the Generalized Jacobian 
Conjecture if all its étale endomorphisms are proper. We 
study the conjecture for Q-acyclic surfaces of negative 
logarithmic Kodaira dimension. We show that G-equivariant 
counterexamples for infinite group G exist if and only if 
G = C∗ and we classify them relating them to Belyi–
Shabat polynomials. Taking universal covers we get rational 
simply connected C∗-surfaces of negative logarithmic Kodaira 
dimension which admit non-proper C∗-equivariant étale 
endomorphisms.
We prove also that for every integers r ≥ 1, k ≥ 2 the Q-acyclic 
rational hyperplane u(1 + urv) = wk, which has fundamental 
group Zk and negative logarithmic Kodaira dimension, admits 
families of non-proper étale endomorphisms of arbitrarily high 
dimension and degree, whose members remain different after 
dividing by the action of the automorphism group by left and 
right composition.

© 2018 Elsevier Inc. All rights reserved.

✩ Research project partially funded by the Ministry of Science and Higher Education of the Republic of 
Poland, Iuventus Plus grant no. 0382/IP3/2013/7.
* Corresponding author.

E-mail addresses: adrien.dubouloz@u-bourgogne.fr (A. Dubouloz), palka@impan.pl (K. Palka).

https://doi.org/10.1016/j.aim.2018.09.020
0001-8708/© 2018 Elsevier Inc. All rights reserved.

https://doi.org/10.1016/j.aim.2018.09.020
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/aim
mailto:adrien.dubouloz@u-bourgogne.fr
mailto:palka@impan.pl
https://doi.org/10.1016/j.aim.2018.09.020
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aim.2018.09.020&domain=pdf


A. Dubouloz, K. Palka / Advances in Mathematics 339 (2018) 248–284 249

Contents

1. Main result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 249
2. Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 252

2A. Branched covers of curves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 252
2B. Rational fibrations and completions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 254
2C. Q-homology planes of negative Kodaira dimension and C∗-pseudo-planes . . . . . . . . 255
2D. Étale endomorphisms respecting fibrations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 258

3. Proof of Theorem A. Reduction to C∗-actions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 263
3A. Non-proper étale endomorphisms respecting an A1-fibration . . . . . . . . . . . . . . . . . 263
3B. C+-equivariant GJC holds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 266
3C. Miyanishi’s counterexample expanded . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 267
3D. Reduction to C∗-actions on pseudo-planes S(k, r, a) . . . . . . . . . . . . . . . . . . . . . . 270

4. Proof of Theorem B. Non-proper C∗-equivariant étale endomorphisms . . . . . . . . . . . . . . 271
4A. Necessary conditions on ηρ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 271
4B. The universal covers and formulas for étale endomorphisms . . . . . . . . . . . . . . . . . 273
4C. Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 276

5. Proof of Theorem C. The hypersurfaces S(k, ̄rk, 1) and deformations . . . . . . . . . . . . . . . 277
5A. Surfaces S(k, ̄rk, 1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 277
5B. Deformations of étale endomorphisms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 279

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 283

1. Main result

The Jacobian Conjecture asserts that if an algebraic endomorphism of the complex 
affine space An = Spec(C[x1, . . . , xn]) has an invertible Jacobian then it is an isomor-
phism. The conjecture is open and hard, even for n = 2. One of the ideas which may 
contribute to our understanding of it is to study the problem in a broader class of vari-
eties. A general form of the conjecture has been proposed by M. Miyanishi.

Definition 1.1 (Generalized Jacobian Conjecture). A smooth complex variety satisfies the 
Generalized Jacobian Conjecture if all étale endomorphisms of that variety are proper.

Unless the topological Euler characteristic of the variety is zero, properness is equiv-
alent to the invertibility of the endomorphism (see Lemma 2.15), so for affine spaces the 
conjecture is equivalent to the original Jacobian Conjecture. The Generalized Jacobian 
Conjecture has been studied for certain classes of algebraic varieties, see Miyanishi’s 
lecture notes [16] for a good introduction to the subject. It holds for quasi-projective 
varieties of log general type due to a result of Iitaka (see Lemma 2.15(4)) and it holds 
for curves by [14]. For surfaces there are many positive partial results, see [14], [19], [10], 
[20], [17], [8]. But the most intriguing question, which is in fact the main motivation, is 
whether the conjecture holds for varieties similar to affine spaces, similar in the sense of 
having the same logarithmic Kodaira dimension or the same, i.e. trivial, rational homol-
ogy groups. We restrict our attention to the intersection of these two classes in dimension 
two, that is, to Q-homology planes of negative logarithmic Kodaira dimension. Similarly 
to A2, they all admit an A1-fibration over A1 (hence are rational, see Proposition 2.9). 
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