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In this study, a generalization of the sequence of balancing numbers called as k-balancing
numbers is considered and some of their properties are established. Further, the balancing polyno-
mials that are the natural extension of k-balancing numbers are presented and observe that many of
their properties admit straightforward proofs. The derivatives of these polynomials in the form of
convolution are also discussed.
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1. Introduction

The concept of balancing numbers came into existence after an
article [1] by Behera and Panda wherein, they defined a balanc-
ing number n as solution of the Diophantine equation
1424+ m-1)=m+1)+m+2)+ -+ (n+r), call-
ing r as the balancer corresponding to n. First few balancing
numbers are 1,6,35,204 and 1189 with balancers 0,2, 14,84
and 492 respectively. The sequence of balancing numbers has
been studied extensively and generalized in many ways
[2-7,9-11,13,16]. In [8], Liptai et al. generalized the concept
of balancing numbers in the following way. For y, k, [ be fixed
positive integers with y > 4, a positive integer x with x < y — 2
is called a (k,/)-power numerical center for y if
Pt (x= 1) =(x+ 1"+ 4 (y—1). Several effective
and ineffective finiteness results were also proved for
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(k,l)-power numerical centers in [8]. In [16], Szakaacs has
studied a further generalization of balancing numbers namely
multiplying balancing numbers defined in the following way:
A positive integer n is called a multiplying balancing number
if 1-2,...;(n=1)=m+1)(n+2),...,(n+r), for some
positive integer r which is called as multiplying balancer
corresponding to the multiplying balancing number n. He
proved that the only multiplying balancing number is n =7
with the multiplying balancer r = 3. As a generalization of
the notion of a balancing number in [3], Bérczes et al. called
a binary recurrence R = R(A4, B, Ry, R;), a balancing sequence
if RR+R+...+ R, =R, 1 +Ry2+ ...+ Ry, holds for
some k > 1 and n > 2.

The present article is organized as follows. In Section 2, a
generalization of sequence of balancing numbers which we call
as k-balancing sequence {B,} -, depending on one real
parameter k, is considered and some of their properties are
investigated. In Section 3, the balancing polynomials that are
the natural extension of k-balancing numbers are introduced
and many of their properties are established. The derivatives
of these polynomials in the form of convolution of balancing
polynomials are presented in Section 4. As an application of
balancing polynomials, a balancing based coding method is
also developed in the final section.
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2. k-Balancing numbers and their properties

Polynomials and balancing numbers are well related. In [14],
Ray has applied Chebyshev polynomials in factorization of
balancing and Lucas-balancing numbers. In [10], Ozkoc has
introduced k-balancing numbers and presented some relations
in terms of these numbers. These relations generalized some
well known results concerning the relation between the
determinant and Chebyshev polynomials, which is due to
the B, (k).

The following definition of k-balancing numbers is given in
[10].

Definition 2.1. For any positive number k, the k-balancing
numbers, denoted by {By,} -, defined recursively by

Bk,n+l = 6kBk7n - Bkmfl n 2 17 (1)

with the initials By = 0 and By, = 1.

First few k-balancing numbers are

Bio=0, By =1, B,=6k Biy=36k—1

Bia = 216k° — 12k, Bis = 1296k* — 108k* + 1 and so on.

Notice that, k =1 in (1) gives the sequence of balancing
numbers. Also observe that, (1) is a second order difference
equation with auxiliary equation o> = 6ko — 1, whose roots

are o = 3k + V9k* — 1,00 = 3k — V/9k* — 1. Clearly,
o — oy =2V 9k — 1. 2)

The following results are some important identities for k-
balancing numbers.

061+062:6k, OC]OCZIL

Lemma 2.2. For any integer n > 1,0/ = 6ko/*! — o and
n+2 n+1 n
oh e = 6kos T — af.

Proof. As o, and o, are roots of the equation o«® = 6ko — 1,
of = 6ko; —1 and o3 = 6ka, — 1. The desired results are
obtained by multiplying o} and o} to both the equations
respectively. [J

Lemma 2.3 (Binet’s formula). The closed form nth k-balancing

= “"]:“g where o = 3k + VK> — 1,00 = 3k—

o —o”

number is By,

9%> — 1.

Proof. By method of induction, clearly the result is true for
n=0 and n=1. Assume that it is true for all / such that
0<i<m+1 for some positive integer m. Now by (1), we
obtain

1 m+1 m m

am+ — o OC —
1 2 1 2

Bk,m+2 = 6kBk,m+1 - Bk,/11 = 6k

o — o2 oy — o2

m m m+2 m—+2

_ [6koy — 1] — o [6koy — 1] I
o] — 0Oy o — 0y ’

which ends the proof. [

n . .
Lemma 2.4. Let (i ) denote the usual notation for combina-

tion. Then for any integer n = 0, Y7 (- )"“(?)6"/{"3&[ =
Bk.Zn-

Proof. By virtue of the Binet’s formula,
n+t 6 le zn: (71)n+i n 6iki |:Of[1 — 0512:|
ki -~ ; o — o
n » n " n )
) (6koy)' — -1 6kas)'
O([ — O ; i l) P ( ) ; ( 2)

1
= 6kry — 1) —
ek )

(6kry — 1)"] =

which completes the proof. [J

The proof of the following results is omitted as they can be
easily shown by Binet’s formula.

Proposition 2.5. Forn > 1,By_, = —By,.

Proposition 2.6. >/ B =
Bij1].

lgk [3 (B/x n+]B/c n+1+1) + B/t J

Lemma 2.7. For natural numbers p,q,r, the following identities
are valid.

(a) Bipig-1 = BipBig — Brp-1Big-1
(b) Biprg—2 = (,lk [BkAka.q — Bk7p72Bk.q72]
1
DpHq+r=3 — ok y X > p— k,q— b= Pp— q— r—2
(€) Biprgirs = [BrpBrgBrr — 6kBip-1Big-1Bir—1 + Brp-2Big-2Bir2]

Proof. Proof of (a) is easy by Binet’s formula. Now, inserting

(1) in (a),

B/c,p+q—2 = B/(.ka,q—l - B/c,p—lBk,q—Z

By, +Bc.z— BJ+B—
B, {%} B, {%}
1
6_k I:Bk,kaq - Bk,p—ZBk,qfﬂ )

which completes the proof of (b). Proof of (¢) is analogous to
(b). O

Lemma 2.8. For any integer n = 1,0] = oy By,
OCZB/(,n - B/(.nfl .

- Bk‘n—l ) OC; =

Proof. Using (2), we get
o = 6koy — 1 = 0y Byn — By,
o« = 6ko? — oy = (36k* — 1)oy — 6k = 0, B3 — Bya.

Consequently, of = oy By,
proved analogously. [J

— By,—1. The second identity can be
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