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a b s t r a c t

Du et al. [Du, Y., Chen, Q., Quan, X., Long, L., Fung, R.Y.K., 2011. Berth allocation considering
fuel consumption and vessel emissions. Transportation Research Part E 47, 1021–1037]
dealt with a berth allocation problem incorporating ship’ fuel consumption minimization.
To address the difficulty posed by the power function between fuel consumption rate and
sailing speed, they formulated a tractable mixed-integer second-order cone programming
model. We propose two quadratic outer approximation approaches that can handle general
fuel consumption rate functions more efficiently. In the static quadratic outer approxima-
tion approach, the approximation lines are generated a priori. In the dynamic quadratic
outer approximation approach, the approximation lines are generated dynamically.
Numerical experiments demonstrate the advantages of the two approaches.

� 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Du et al. (2011) proposed a continuous berth allocation problem (BAP) with ships’ fuel consumption minimization by tak-
ing into account two objectives: one aims to minimize the fuel consumption of all ships; the other one seeks to minimize the
total departure delay of all ships. To obtain the efficient frontier, the first objective is minimized subject to the constraint that
the second objective is not worse than certain values, and the whole model is solved as a single objective optimization
model.

To keep this note relatively self-contained, we give a short description of the problem addressed by Du et al. (2011). Given
a set of ships denoted by V in the berth plan, the fuel consumption rate for ship i e V at the speed s can be estimated by
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where c0
i ; c

1
i and li are nonnegative parameters [see Eq. (8) in Du et al. (2011)]. The distance of ship i e V to the berth is de-

noted by mi (nautical miles). The arrival time ai for ship i e V is bounded by the interval ½ai; �ai�, which is determined by the
sailing distance mi and the ship’s maximal and minimal sailing speeds. To minimize fuel consumption, the arrival time ai (or,
equivalently, the speed) for each ship i e V is optimized. The objective that aims to minimize the fuel consumption of all the
ships can be formulated as

min
ai

f 1 ¼
X
i2V

c0
i þ c1

i
mi

ai

� �li
� �

ai ¼
X
i2V

ðc0
i ai þ c1

i mli
i a1�li

i Þ ð2Þ

1366-5545/$ - see front matter � 2012 Elsevier Ltd. All rights reserved.
http://dx.doi.org/10.1016/j.tre.2012.07.002

⇑ Corresponding author. Tel.: +65 6516 5494; fax: +65 6779 1635.
E-mail addresses: wangshuaian@gmail.com (S. Wang), ceemq@nus.edu.sg (Q. Meng), liuzhiyuan@nus.edu.sg (Z. Liu).

Transportation Research Part E 49 (2013) 48–54

Contents lists available at SciVerse ScienceDirect

Transportation Research Part E

journal homepage: www.elsevier .com/locate / t re

http://dx.doi.org/10.1016/j.tre.2012.07.002
mailto:wangshuaian@gmail.com
mailto:ceemq@nus.edu.sg
mailto:liuzhiyuan@nus.edu.sg
http://dx.doi.org/10.1016/j.tre.2012.07.002
http://www.sciencedirect.com/science/journal/13665545
http://www.elsevier.com/locate/tre


subject to the necessary linear constraints. Hence, the BAP with fuel consumption minimization is formulated as a mixed-
integer nonlinear programming model (the integer variables are associated with berth allocation).

1.1. Second-order cone programming approach

A major challenge in solving the above model is the nonlinear objective function f1 shown in Eq. (2) resulting from the
power function (1) between fuel consumption rate and sailing speed. To take advantage of state-of-art mixed-integer sec-
ond-order cone programming (MISOCP) solvers such as CPLEX, Du et al. (2011) successfully reformulated the nonlinear fuel
consumption objective f1 as a linear objective subject to a group of second-order cone programming (SOCP) constraints and
obtained a computationally tractable model. A second-order cone program is a convex optimization problem with linear
objective function and convex quadratic constraints. Linear program is a special case of the second-order cone program
(see, e.g., Alizadeh and Goldfarb, 2003, for an introduction to SOCP). They first reformulated f1 as:

min
ai
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subject to

qi � a1�li
i ; i 2 V ð4Þ

They chose the fuel consumption rate parameter li e {3.5, 4.0, 4.5}, and transformed the constraints shown in Eq. (4) to
the SOCP constraints. For example, when li = 4.5, after introducing new decision variables and several computational steps
[see Eqs. (23)–(27) in Du et al. (2011)], Eq. (4) can be transformed to

kð2li1; ai � 1Þk2 � ai þ 1; kð2li2;li1 � qiÞk2 � li1 þ qi; kð2li3; ai � li2Þk2 � ai þ li2

kð2li4;li1 � 1Þk2 � li1 þ 1; kð2;li3 � li4Þk2 � li3 þ li4; ai; qi � 0;li1;li2;li3;li4 � 0; i 2 V
ð5Þ

As a result, the mixed-integer nonlinear BAP with fuel consumption optimization model is transformed to an MISOCP
model, which has both modeling accuracy and computational advantages.

1.2. Objectives and contributions

The objective of this study is to propose an alternative methodology to overcome this computational difficulty posed by
the nonlinear relation between sailing speed and fuel consumption rate. In particular, we propose two quadratic outer
approximation approaches that can handle general fuel consumption rate functions more efficiently. In the static quadratic
outer approximation approach, the approximation lines are generated a priori. In the dynamic quadratic outer approxima-
tion approach, the approximation lines are generated dynamically. Numerical experiments demonstrate the advantages of
the two approaches.

2. A quadratic outer approximation approach

In view of the special structure of Eq. (4), we can use a group of SOCP constraints to approximate it. First, we derive a
quadratic outer approximation function to approximate the function ~qiðaiÞ :¼ a1�li

i in the neighborhood of a particular point
âi 2 ½ai; �aiÞ for ship i e V, as shown in Fig. 3 with ai; �ai ¼ ½20;40�, li = 4.237 and âi ¼ 30 (note that we assume âi–�ai for reasons
that will become obvious later). The quadratic function, denoted by Q iðâi; aiÞ, passes the point ðâi; ~qiðâiÞÞ. Hence, it can be rep-
resented by

Q iðâi; aiÞ ¼ kiðâiÞðai � âiÞ2 þ liðâiÞðai � âiÞ þ â1�li
i ð6Þ

To determine the coefficients kiðâiÞ and liðâiÞ, we require that Qiðâi; aiÞ has the same slope as ~qiðaiÞ at the point âi. Thus, we
obtain

liðâiÞ ¼ ð1� liÞâ
�li
i ð7Þ

Finally, we seek for kiðâiÞ such that the gap between the function ~qiðaiÞ and Q iðâi; aiÞ is minimized. Observing that (i) ~qiðaiÞ
and Qiðâi; aiÞ take the same value and also have the same first-order derivative at âi, (ii) the second-order derivative of
~qiðaiÞ;liðli � 1Þa�li�1

i , is positive and decreasing, and (iii) the second-order derivative of Qiðâi; aiÞ is constant, we have
two lemmas and two propositions described below. Lemma 1 and Lemma 2 provide an intuitive explanation of Proposition
1. Proposition 2 is a theoretical extension of Proposition 1. We omit the proofs of these lemmas and propositions because
they are straightforward.

Lemma 1. If the second-order derivative of Qiâi; ai, i.e., 2kiðâiÞ, equals the second-order derivative of ~qiðaiÞ at âi, i.e.
liðli � 1Þâ�li�1

i , then ~qiðaiÞ > Qiðâi; aiÞ for any ai 2 ½i; âiÞ and ~qiðaiÞ < Qiðâi; aiÞ for any ai 2 ðâi; �ai�.

The function Qiðâi; aiÞ in Lemma 1 with ½ai; �ai� ¼ ½20;40�;li ¼ 4:237 and âi ¼ 30 is shown in Fig. 1.
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