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a b s t r a c t

The introduction of hierarchy into structures has been credited with improving their elastic and other
properties. Similarly, functional grading has been demonstrated to increase the damage tolerance of hon-
eycomb structures, although with the penalty of reduced Young’s modulus or increased density. The
combination of both hierarchy and functional grading has not been reported for honeycomb structures,
although it is known in natural materials. A parametric numerical modelling study has been made of the
in-plane elastic properties of honeycombs and how they are affected by functional grading and hierarchy,
and importantly to establish whether it is possible to avoid reductions in Young’s modulus. A set of ana-
lytical models has been developed to describe functional grading and hierarchy in honeycombs, based
upon beam mechanics and the transform section method. The conditions for transition of a hierarchical
honeycomb in behaviour from that of a discrete structure to that of a continuum are established. Further-
more, conditions are established for which hierarchical honeycombs, uniform or functionally graded, can
surpass in-plane Young’s moduli of conventional honeycombs a by factor of up to 2, on an equal density
basis.

� 2012 Elsevier Ltd. All rights reserved.

1. Introduction

The excellent density specific mechanical properties of honey-
combs make them desirable as light weight structures and partic-
ularly as cores in sandwich panels. Honeycombs are widely used in
industries where these properties are in demand, e.g. aerospace
[5,14]. Reducing the density of honeycombs without sacrifice to
their mechanical performance is advantageous. Honeycombs are
often able to retain functionality after impact due to the progres-
sive collapse inherent with their in-plane bending dominated
structure [13,27,6].

There has been lots of interest in the Functional Grading (FG) of
materials such as composites in recent years [4], and whilst there
are a few studies of functional grading of honeycombs, in the main
this has been for thermal or electrical properties [24,29]. Mechanical
properties were investigated by Ajdari et al. [2] concluding that the
elastic modulus was sensitive to the density gradient across the do-
main. Other work on functional grading in honeycombs has
focussed on impact energy absorption, Ajdari et al. [3]. Similarly, lit-
tle work has been undertaken on hierarchy in honeycombs
[17,16,7,26] but this has shown that improvements in elastic prop-
erties on a density specific basis are possible with careful design. The
authors are not aware of any work combining functional grading

and hierarchy for honeycombs in synthetic materials, although both
phenomena are known to occur simultaneously in many natural
materials [8,9,25]. Many of these natural materials posses excellent
density specific elastic and other properties [8–10].

Materials that have a gradual change in either the volume
fraction or physical properties of constituent materials within a
composite are often described as being functionally graded. Func-
tional grading of materials in general is now in a fairly mature state,
with manufacturing methods for FG composites and modelling
methods to predict their properties now developed [4,19,21,22].
Work focusing on the elastic properties of FG honeycombs is limited,
with studies by Ajdari et al. [2], Lira and Scarpa [18], and Taylor et al.
[26], demonstrating how global elastic properties of honeycombs
are indeed sensitive to the various parameters associated with func-
tional grading. There has been more work undertaken on failure, dy-
namic and impact properties of FG honeycombs demonstrating
improved performance vs ungraded honeycombs [3,15,1,28]. Whilst
there is good evidence for beneficial effects of FG in terms of failure
and damage processes in honeycombs, little work has been done to
establish if there is a penalty in elastic performance for FG, with
some indications from Ajdari et al. [2] and Lira and Scarpa [18] that
there are indeed such penalties in some cases.

Hierarchy has been the subject of much investigation in natural
and other materials [8,9] but little effort has been given to funda-
mental understanding of elastic properties and hierarchy. Hierar-
chical structures can be given a hierarchy order number which
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describes the number of distinct size scales at which there is archi-
tecture; a conventional honeycomb has an order number of one.
The primary works on elastic properties and hierarchy are the
work of Gibson et al. [12] and Lakes [17]. Gibson et al. [12] showed
that the elastic properties of a honeycomb were not dependent
upon absolute size of the cells, but rather the aspect ratio of the cell
ribs. Coarser or finer honeycombs would therefore have the same
properties as long as the cell rib aspect ratio was unchanged. This
underlay the independence of elastic properties of honeycombs to
their hierarchical order in Lakes [17]. Recently the present authors
[26] have shown that hierarchy in hexagonal honeycombs usually
does lead to large changes in elastic properties, because (i) for con-
stant relative density the aspect ratio of cell ribs does change with
hierarchical order numbers greater than one and (ii) mixed shear
and flexure deformation modes can make some cell ribs more
compliant than their aspect ratio would predict.

Kooistra et al. [16] and Fan et al. [7] have both developed case
studies of hierarchical sandwich panel cores with improved perfor-
mance over existing non-hierarchical (conventional) configura-
tions. The work herein explores how in-plane mechanical
properties of honeycombs are changed by functional grading of a
hierarchical structure.

2. Methods

The in plane elastic properties of FG Hierarchical Honeycomb
(HH) was calculated via numerical models which considered each
unit cell as a discrete structure, and made no assumptions about
sub-cells as continua and via analytical models which assumed
that sub-cells could be considered as continua. In this sense the
numerical models provided validation for the analytical models.

2.1. Finite element model

The various parameters describing honeycombs, functional
grading and hierarchy are shown in Fig. 1 and defined in the fol-
lowing. The cells of conventional and HH honeycombs have ribs
of length l and h, and thickness t, as shown in Fig. 1 in both a con-
ventional and HH. The aspect ratio of a honeycomb rib is defined as
its length divided by its thickness, as shown in Eq. (1) The param-
eter values for super- and sub-structure cells are noted by the sub-
scripts sub and sup (referring to sub-and super-structure
parameters respectively), and as described in [26].

a ¼ l
t

ð1Þ

The first step in applying functional grading to the honeycombs
was to determine the length scale of the sub-structure, relative to
that of the super-structure, at which it could be considered to be a
continuum. The ratio of the lengths in the super-and substructure
is the hierarchical length ratio (HLR) k and is defined according to
Eq. (2). The critical value of the HLR at which continuum behaviour
was attained was determined by iteratively decreasing the value of
k for three example HHs of different aspect ratios (asup = 11.5,
asup = 2.88 and asup = 1.15).

k ¼ lsub

lsup
ð2Þ

To change k the lengths lsub, hsub and tsub of the sub-structure
were iteratively decreased, while lengths lsup, hsup and tsup re-
mained constant, effectively increasing the number of sub-cells
spanning the thickness of the super-structure, as shown in Fig. 1.
Once the critical value of k, and thus the number of sub-cells span-
ning the super-structure, was determined, it was then possible to
investigate non-uniform distributions of mass in the sub-structure.

Functional grading was applied by gradually varying the thick-
ness of sub-structure ribs tsub in rows of sub-cells as a function of
the row’s position through the thickness of the super-structure
rib, see Fig. 2. There were two ways in which to implement this
variation (i) by changing tsub and maintaining lsub and (ii) changing
lsub and maintaining tsub. A change in tsub was chosen since in this
manner it was possible for sub-cells to tessellate but not possible
if lsub was varied. The various distributions of tsub produced differ-
ent distributions of mass throughout the unit cell, as shown in
Fig. 2. It is important to note that the total mass of each unit cell
was maintained, as was the total cell area, ensuring the exact same
relative density between different distributions, by taking into ac-
count the thickness and the number of ribs for each row. Mass dis-
tributions were defined by a string of percentages of total rib
thickness for four rows of sub-cells making up half a super-struc-
ture rib, see Figs. 2 and 3. Hence, a uniform distribution would
be denoted as (25/25/25/25), i.e. the percentage of total rib thick-
ness for regions 1, 2 3 and 4 are 25% each. Twelve other non-uni-
form distributions were also considered, listed in Table 1. These
13 distributions were considered for unit cells with a relative
density of q⁄ = 0.00577 which is equivalent to a conventional
hexagonal honeycomb when l = h = 10 and t = 0.05.

Two dimensional finite element quarter models were generated
for each unique unit cell, and its in-plane axial Young’s modulus
calculated. A set of linear isotropic elastic constants were chosen
as the constitutive material and used for all cases (specifically
Es = 1600 MPa, Gs = 593 MPa and vs = 0.35). The sub and super-cells
were modelled using a minimum of 20 2D Timoshenko beam ele-
ments (B21: a 2-node linear beam) per cell rib using a commercial
Finite Element (FE) analysis package (ABAQUS, version 6.9. Das-
sault Systèmes). Boundary sharing ribs had either half thickness
or half-lengths, so that the symmetry of the model allowed tessel-

Fig. 1. (a) Shows the cell geometry and parameters for a conventional hexagonal
honeycomb unit cell according to Gibson and Ashby’s terminology. (b) A unit cell of
a second order HH with a hierarchical length ratio of k = 0.015 and a super-structure
aspect ratio asup = 2.88. (c) A unit cell of a second order HH with a hierarchical
length ratio of k = 0.1 and a super-structure aspect ratio asup = 2.88, along with
annotated terminology.
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