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Abstract

In this paper the two-dimensional problem of a bolt loaded-hole in an infinite piezoelectric laminate is considered in terms of the

complex variable method. Firstly, an explicit form Green function for a generalized point load acted at an arbitrary point outside the

hole is derived. Secondly, the Green function for a generalized point load acted at the rim of the hole, as a special case, is obtained,

and then a general solution for the case of arbitrarily distributed mechanical and electric loading on the hole surface is presented

based on the superposition principle. In general, the solution is in the form of series, but its novel feature is that the coefficients

involved in the solution can be easily written out once the distributed loading is specified. Finally, several examples useful for engi-

neering are given.
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1. Introduction

Piezoelectric composite laminates are being increas-

ingly used in aeronautical and aerospace structures.
Holes are usually unavoidable in these structural de-

signs. The existence of holes causes geometric disconti-

nuities and induces high stress concentrations, which

may finally leads to fracture/failure of structures. Thus,

the analysis of local field concentrations around holes in

piezoelectric materials is very important for the reliabil-

ity design of smart structures. However, piezoelectric

works were mainly restricted to the cases of free hole
under remote-field loadings [1,2]. In fact, it is more

important to study the cases where a hole is loaded on

its surface. In the assembly of composite structures,

for example, bolted joints are common practice to fasten

parts in place and transfer load from one component to

another. Since the bolt loaded-holes lead to stress con-

centrations that can result in premature failure of the

structure, it is necessary to develop appropriate methods
for stress analysis of bolt loaded-holes. Extensive theo-

retical and experimental studies on the strength predica-

tions of composite laminates with bolt loaded-holes

have indeed been carried out in recent decade [3–7],

but they are restricted to the cases of purely elastic

materials.

In the present work, a general solution for stress anal-

ysis of piezoelectric composite laminates with a bolt
loaded-hole based on complex variable method is devel-

oped. Firstly, an explicit form Green function for a gen-

eralized line load acted at an arbitrary point on the

surface of the hole is derived. Secondly, a general solu-

tion for the case of arbitrarily distributed mechanical

and electric loading on the surface of the hole is given.

In general, the solution can be expressed in series form,

but its novel feature is that the coefficients involved in
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the solution can be easily written out provided that the

loading distribution on the hole surface is specified.

Finally, several examples useful for engineering are

presented.

2. Basic equation

Consider a symmetric laminate of piezoelectric com-

posite that comprises piezo-ceramic fiber composite plies

and polymeric matrix material piles. It is assumed that

the laminate is in the state of a two-dimensional defor-

mation under the mechanical and electric loading in

the x1–x2 plane, that is:

e33 ¼ e23 ¼ e13 ¼ E3 ¼ 0; ð1Þ
where eij stand for the strain and E3 is the component of

electric field. Furthermore, assume that the constitutive

equations can be characterized by
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where rij are the stresses, Di are the electric displace-
ments, and aij, bij and dii represent the reduced elastic

constants, piezoelectric constants and dielectric con-

stants, respectively.

Equations of generalized strains are
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where ui are the components of displacement and / is

the electric potential.

Equations of generalized equilibrium are
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Following Sosa�s work [1], the general solution for

Eqs. (2)–(5) can be expressed as
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where Re denotes taking the real part, lk are distinct

complex parameters [1], uk(zk) are unknown complex

potentials, /k(zk) = uk(zk)/dzk, and

pk ¼ a11l2
k þ a12 � b12kk; qk ¼ a12l2

k þ a22 � b22kk
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When the generalized traction is specified on the
boundary, uk(zk) can be determined from the following

boundary equations:

2Re
X3
k¼1

uk zkð Þ ¼ �
Z s

0

t2 ds; ð11Þ

2Re
X3
k¼1

lkukðzkÞ ¼
Z s

0

t1 ds; ð12Þ

2Re
X3
k¼1

kkukðzkÞ ¼ �
Z s

0

Dn ds; ð13Þ

where t1 and t2 represent the force components along the

x1 and x2 axes, respectively; s is the arc-length on the

boundary, and Dn is the normal component of electric

displacement.

Introduce the matrices defined as
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Then, we have form (7) and (10), and (11)–(13) that

AuðzÞ þ AuðzÞ ¼ u; ð15Þ

BuðzÞ þ BuðzÞ ¼ �
Z s

0

ts ds: ð16Þ
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