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Abstract

We present fuzzy measures and fuzzy integrals as special poset homeomorphisms. Besides general fuzzy integrals
regular fuzzy integrals are introduced and some of their properties are discussed. State of art of fuzzy measure and
fuzzy integral theory are briefly summarized and some further streaming is sketched.
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1. Introduction

Classical measure theory, see, 1], is based on a measure spéke A, m), whereA is as-algebra
of subsets of a non-empty S¢ndmis a non-negative-additive real set function defined ot Recall
that (X, A) is called a measurable space, sets frdrare called events arm is called a measure. In
special case whem(X) = 1 is requiredm is called a probability measure. The Lebesgue intelgral
related to a measure spagk, A, m) is a special functional acting on measurable real functionX on
which can be viewed as a monotone extension of the meas(e., forallA € A, L(14) = m(A)).
Classical measure and integral theory was extended, generalized and deeply examined in many directions
For an exhaustive state-of-art overview we recommend the recent handbook [22] edited by Pap.

In this contribution we will deal with special generalization of measure theory unifying the notions of
measures and integrals. Our main aim is to clarify the notion of fuzzy integral.
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2. Fuzzy measures

The (o-) additivity of a measurenis rather restrictive property and it does not allow to model several
properties of the real world, for example, the interaction. This fact was observed by many researchers anc
has led to several modifications and/or generalizations of the additivity property. Recall, e.g[2Vitali
in 1925 or Choquet [4] in 1953. One of the most influential works in this direction was the thesis [25] of
Sugeno, who introduced fuzzy measures and the related integral, which is even named after him. Fuzzy
measures and related integrals (the Choquet integral, the Sugeno integnakre discussed in many
papers and in several monographs. We only recall here the monographs of Wang and Klir [29] from 1992,
Denneberg [5] from 1994, Pap [21] from 1995, and the edited volume of Grabisch et al. [9] from 2000.
In these works one can find all definitions and results which are explicitly not included in this paper.

Observe that neither for fuzzy measures nor for fuzzy integrals there is a definition covering all works in
the field. To reduce the diversity, we will restrict our considerations to the ri@hdéonly. Observe that
([0, 1], <) is a poset (even a chain) with top element 1 and bottom element 0. Fuzzy measures discussec
in [25,29,21,9] act on events (measurable sets), i.e., on the fpdsel) with top elemeni and bottom
elementd. Therefore, fuzzy measures can be treated as special homeomorphisms of bounded posets.

Definition 1. Let (U, <) and(V, <) be two bounded posets with top elemehtsandly and bottom
elementddy andOy, respectively. A mapping : U — V is called the poset homeomorphism if it
preserves the ordering and the bounds, i.e., if

() a,b e U, a=<bimpliesp(a) <o),
(i) o(1y) =1y ande(0y) = Oy.

In the light of Definition1, fuzzy measures o(X, .A) are exactly poset homeomorphisms between
(A, ©) and([0, 1], ). Several special types of fuzzy measures, such as belief and plausibility measures,
possibility and necessity measures, submeasures, supermeasures, etc., are characterized by the cor
sponding properties. Moreover, dual fuzzy measures can be introduced as dual poset homeomorphism
providing the existence of order-reversing involutions for each involved poset, i.e., for a given fuzzy
measuren : A — [0, 1], its dualm? : A — [0, 1] is given bym?(A) = 1 — m(A°) (observe that the set
complement is an order-reversing involution @, <) whilen : [0, 1] — [0, 1], n(x) = 1 — x, is an
order-reversing involution of{0, 1], <)).

3. Fuzzy integrals

For a given measurable spack, A), let F be the set of all measurablé — [0, 1] mappings.
Evidently, A can be embedded intd by means of characteristic functions. Moreover, the standard
partial order< of functions makesF, <) to be a bounded poset with top elemént 1y and bottom
elemenD = 1y. Any poset homeomorphis : 7 — [0, 1] can be understood as a monotone extension
of afuzzy measure: : A — [0, 1] given bym(A) = M(1,4), A € A. Observe that any “fuzzy integral”
known from the literature is a special poset homeomorphism of the above type (providing the restriction
of integrands to measurali@, 1]-valued functions).
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