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Abstract

Using the Loomis—Sikorski representationsaiMV-algebras and Dedeking-completel-groups, a conditional
probability and expectation on these structures are defined as a natural generalization of the usual Kolmogorovian
conditioning.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

The aim of this paper is to apply generalizations of the classical Loomis—Sikorski theorem to
MV-algebras and Dedeking-completel-groups[8,9,16] in the development of probability theory on
MV-algebras and related structures, see [1,19,20] for an introduction to the problematic. In particular,
we concentrate our attention on the important concepts of conditional probabilities and conditional ex-
pectations. First step in this direction was already made in [14], whtf¥-algebras with product were
considered. In the present paper, we consider geaevil-algebras and Dedekingcompletel-groups,
and find a natural generalization of the Kolmogorovian theory of conditional probability and conditional
expectations to these structures.

* This work was supported by Science and Technology Assistance Agency under the contract No. APVT-51-032002 and grant
VEGA 2/3163/23.
* Corresponding author.
E-mail addresseddvurecen@mat.savba.gk. Dvurecenskij),pulmann@mat.savba.¢8. Pulmannova).

0165-0114/$ - see front matter © 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.fss.2005.05.015


http://www.elsevier.com/locate/fss
mailto:dvurecen@mat.savba.sk
mailto:pulmann@mat.savba.sk

A. Dvuregenskij, S. Pulmannovéa / Fuzzy Sets and Systems 155 (2005) 102-118 103
2. Preliminary results

In this sequel, we summarize some basic facts on MV-algebras and probability theory on MV-algebras.
Seg[6,9] for further results on MV-algebras and [19] for an exposition of probability on MV-algebras.
We recall that MV-algebras were originally introduced by Chang as an algebraic basis of many-valued
logic [4,5].

An MV-algebrais an algebraM; @,”, 0), whered is an associative and commutative binary operation
on M having 0 as a neutral element, a unary operatisnnvolutive and such that & 0’ = 0’ for all
a € M, and, in addition, the tukasziewicz identity® (a ® b') = b @ (b ® a’)’ is satisfied for all
a, b € M. If no ambiguity may arise, we say thiltis an MV-algebra.

An additional constant 1 and two binary operatiaghand © are defined as follows: £ 0, a © b =
(@ @®b),acb = a O b'. A partial order is defined oM by a<b iff ' ® b = 1. In this ordering,

M is a distributive lattice with 0 as the smallest and 1 as the greatest elements, respectively. The lattice
operations are defined as followsy b =a @ (a ® b')',a A b = (a’ v b’)'. MV-algebras satisfying the
additional axionu @ a = a for all a coincide with Boolean algebras.gub-MV-algebraf M is a subset

N of M containing the neutral element 0 i, closed under the operations Mfand endowed with the
restriction of these operations b An MV-algebra iss-complete or ac-MV-algebraif every nonempty
countable subset &l has a supremum ii.

For any MV-algebraM, the setB(M) := {a € M : a ® a = a} of all idempotents oM, with
the operations inherited fromd, is a Boolean algebra, the largest Boolean subalgebhk. df M is a
a-MV-algebra, therB(M) is a Booleans-algebra.

Let M andN be MV-algebras. A mapping : M — N is ahomomorphisnif #(0) = 0, h(a & b) =
h(a) ® h(b), andh(a’) = h(a)’, for anya, b € M. If M andN are s-MV-algebras, a homomorphism
h: M — N is ac-homomorphisnif

h (\/ ai> =\/ ).

ieN ieN

An ideal of an MV-algebraM is a subset of M such that Oc 7, a & b € I whenever, b € I and
a<bwith b € I impliesa € I. Anideall of M is calledmaximalif the only ideal strictly containing is
the improper ideaM. Let Z(M) and M (M) denote the set of all ideals and the set of all maximal ideals
of M, respectively. The space of all maximal ideals(M) is nonempty, and endowed with the so-called
spectral topologyformed by the sets of the forr@; = {K € M(M) : K2J} forall J € Z(M), it
becomes a compact Hausdorff space.

We say thatM; &, -,’, 0) is anMV-algebra with produdif (M; @,’, 0) is an MV-algebra and a product
- is a commutative and associative binary operatioMasuch that for alli, b, ¢ € M:

Q) 1.a=aqa;
2 a-b®dc)=(a-b)®(a-c).

It is straightforward to see that 0 acts as the zero elemévitwith respect to the product, and that the
product is monotone, that is,df<b thena - c<b - cforallc € M.

For any lattice ordered groug-group, for short)G, an element € G is said to be &trong unitof G
if for every ¢ € G there is an integet > 1 such thaku > g [10]. By amorphism¢ : (G, u) — (G', u’)
we mean a group homomorphistn: G — G’ that also preserves the lattice structure and satisfies the
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