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Abstract

The usual concept of differentiability of fuzzy-number-valued functions, has the following shortcoming: ifc is
a fuzzy number andg : [a, b] → R is an usual real-valued function differentiable onx0 ∈ (a, b) with g′(x0)�0,
thenf (x) = c 	 g(x) is not differentiable onx0. In this paper we introduce and study generalized concepts of
differentiability (of any ordern ∈ N), which solves this shortcoming. Newton–Leibnitz-type formula is obtained
and existence of the solutions of fuzzy differential equations involving generalized differentiability is studied.Also,
some concrete applications to partial and ordinary fuzzy differential equations with fuzzy input data of the form
c 	 g(x), are given.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

The H-derivative of a fuzzy-number-valued function was introduced in[13] and it is studied in several
papers (see e.g.[1,17]). In [14] is defined the Hukuhara derivative of a fuzzy-number-valued function and
fuzzy initial value problem is studied. This derivative has its starting point in the Hukuhara derivative of
multivalued functions. Differential equations in fuzzy setting are a natural way to model uncertainty of
dynamical systems. There are different approaches to this very quickly developing area of fuzzy analysis.
Let usmention some of them. First approach uses the above-mentioned H-derivative or its generalization,
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the Hukuhara derivative. Under this setting are mainly obtained existence and uniqueness theorems
for the solution of a fuzzy differential equation (see e.g.[11,12,14,18,15], etc.). This approach has the
disadvantage that it leads to solutions with increasing support, fact which is solved by interpreting a
fuzzy differential equation as a system of differential inclusions (see e.g.[10,6]). But this last mentioned
approach has at its turn some shortcomings. The main shortcoming is that one cannot talk about the
derivative of a fuzzy-number-valued function, since a fuzzy differential equation is directly interpreted
with the help of differential inclusions without having a derivative. Also solutions are not necessarily
fuzzy-number-valued functions.Another approach can be found in[16], which provides solutions only in
the class of pyramidal fuzzy numbers. In[5] are presented other twomethods for solving fuzzy differential
equations.These last twoapproaches suffer the samedisadvantageas themethodof differential inclusions,
i.e. the derivative has no meaning.
In this paper we solve this shortcoming by introducing the weakly generalized differential of a fuzzy-

number-valued function.
The study of usual known concept of differentiability of fuzzy-number-valued functions (see e.g.[1] or

[17]) showsus that ifg : (a, b) → R is differentiableonx0 ∈ (a, b)withg′(x0) < 0, thenf (x) = c	g(x),

∀x ∈ (a, b),wherec is a fuzzy number, is not in general differentiable onx0. To solve this shortcoming, in
Section3we introduce and study a new generalized concept of differentiability which extends the present
concept and which allows us to havef ′(x) = c 	 g′(x), for all x ∈ (a, b) wheng is differentiable. Also,
higher order concepts of differentiability are considered such that to havef (n)(x) = c 	 g(n)(x), for all
x ∈ (a, b), (n�1), when existsg(n)(x) ∈ R.
This generalization allows us to solve in Sections4 and5, in a simple way, some higher order partial

and ordinary fuzzy differential equations, whose fuzzy input data (coefficients) are of the form of above
functionf , i.e. products of fuzzy numbers with classical real-valued functions.

2. Preliminaries

Given a setX �= ∅, a fuzzy subset ofX is a mappingu : X → [0,1] (see[19]).
Let us denote byRF the class of fuzzy subsets of the real axis (i.e.u : R → [0,1]) satisfying the

following properties:
(i) ∀u ∈ RF , u is normal, i.e.∃x0 ∈ R with u(x0) = 1;
(ii) ∀u ∈ RF , u is convex fuzzy set (i.e.u(tx + (1− t)y)� min{u(x), u(y)}, ∀t ∈ [0,1], x, y ∈ R);
(iii) ∀u ∈ RF , u is upper semicontinuous onR;
(iv) {x ∈ R; u(x) > 0} is compact, whereA denotes the closure ofA.

ThenRF is called the space of fuzzy numbers (see e.g.[8]). Obviously,R ⊂ RF . HereR ⊂ RF
is understood asR = {�{x}; x is usual real number}. For 0 < r �1, denote[u]r = {x ∈ R; u(x)�r}
and[u]0 = {x ∈ R; u(x) > 0}. Then it is well-known that for eachr ∈ [0,1], [u]r is a bounded closed
interval. Foru, v ∈ RF ,and� ∈ R, thesumu⊕v and theproduct�	uaredefinedby[u⊕v]r = [u]r+[v]r ,

[� 	 u]r = �[u]r , ∀r ∈ [0,1], where[u]r + [v]r means the usual addition of two intervals (subsets) of
R and�[u]r means the usual product between a scalar and a subset ofR (see, e.g.[8,17]).
DefiningD : RF × RF → R+ ∪{0} byD(u, v) = supr∈[0,1]max{|ur− − vr−|, |ur+ − vr+|}, where[u]r =

[ur−, ur+], [v]r = [vr−, vr+], the following properties are well-known (see e.g.[9] or [17]):
D(u ⊕ w, v ⊕ w) = D(u, v), ∀u, v, w ∈ RF ,

D(k 	 u, k 	 v) = |k|D(u, v), ∀k ∈ R, u, v ∈ RF ,
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