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Abstract

Let | be the defining ideal of a smooth complete intersection space @irwdth defining
equations of degreea and b. We use the artial elimination ideals introduced by Mark Green
to show that the lexicographic generic initial ideal bfhas Castelnuovo—Mumford regularity
1+ ab(a — 1)(b — 1)/2 with the exception of the cas® = b = 2, where the regularity is 4.
Note thatab(a — 1)(b — 1)/2 is exactly the number of singular points of a general projectio of
to the plane. Additionally, we show that for any term orderinghe generic initial ideal of a generic
set of points ifP" is ar-segment ideal.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Let S=K[xo, ..., X ] wherek is an algebraically closed field of characteristic zero and
let ¢ be a term ordering 0. Let | C S be a homogeneous ideal. There is a monomial
ideal canonically associated with its generic initial ideal with respect to, denoted by
gin_ (1), or sinply gin, I. In this paper we study lexicographic generic initial ideals of
curves and points via Green’s partial elimination ideals.
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For a snooth complete intersection cun@ in P2, we show that the complexity of
its lexicographic generic initial ideal, as measured by Castelnuovo—Mumford regularity, is
governed by the geometry a generic projection ofC to P2

Theorem 1.1. Let C be a smoth complete intersection of hypersurfaces of degrebs-a
1in IP3. The regularity of the lexicographic generic initial ideal of C is equal to

14 2@-1pb-D if (g b) £ (2,2)

4 if (a,b) = (2,2).

Note that, apart for the exceptional case- b = 2, the regularity of the lexicographic
generic initial ideal is 1+ the number of nodes of the generic projection ®fto P2,
The statement 6fheorem 1.Qgeneralizes Example 6.10 @Green(1998 which treats the
special case whera=b = 3.

Macaulay’s characterization of Hilbert futh@ns, see for instance Theorem 4.2.10 in
Bruns and Herzod1993, implies that any ideall is generated in degrees bounded by
the largest degree of a generator of the corresponding lex-segme@i)Létuch nore
is true—Bigatti (1993, Hulett (1993 and Padue (1999 showed he Betti numbers of
J are bounded by those of L&X). Let | be the ideal ofC in Theorem 1.1For such
an ideall one can compute the largest degree of a generator afl eXhis has been
done, for instance, by Bayer in his Ph.D. thesis (Proposition in 1. Bager 1982 and
by Chardin ad Moreno-Sociag2002, and it turns out to bé‘%b(b‘l) + ab. So the
lexicographic generic initial ideal imheorem 1.1s not equal to the lex-segment ideal but
nearly achieves the worst-case regularityifs Hilbert function. Moreover, as shown in
Bermejo and Lejene-Jalabert1999, the extremal bound can only be achieve€ifies
in a plane.

We also study the generic initial ideals of finite sets of points. Surprisingly, wh&na
set of generic points its generic initial ideal isiaftial segment

Theorem 1.2. Let | be tte ideal of s generic points of". Thengin_ | is equal to the
r-segment ideabeg (1) for all term ordersr. In particular, gine, | is a lex-segrantideal.

The genericity required imheorem 1.4s quite explicit: the conclusion holds for a set
X of s points if there is a system of coordinates such that the defining ideéldafes not
contain non-zero forms supported ens monomials. A special case of the result when
7 = revlex is proved ifMarinari and Ramell§1999.

For an introduction to generic initialdeals see Section 15.9 itisenbud(1995. Here
we just recall:

Theorem 1.3 (Galligo, Bayer-Stillmaj Given a homogeneous ideal | and a term
ordering r on the monomials of ,Shere exists a dese open subset \& GL,;1(k) such
thatgin, | :=in.(g- |) is constant over all g U andgin, | is Borekfixed.

Recall also that, in characteristic 0, an idehlis Borel-fixed if it is monomial and
satisfies:

if misamonomial xme J = xjme J, Vj <i.
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