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Abstract

A groupoid identity is said to be linear of length 2k if the samek variables appear on both
sides of the identity exactly once. We classifyand count all varieties of groupoids defined by a
single linear identity. Fork = 3, there are 14 nontrivial varieties and they are in the most general
position with respect to inclusion. Hentzel et al. [Hentzel, I.R., Jacobs, D.P., Muddana, S.V., 1993.
Experimenting with the identity(xy)z = y(zx). J. Symbolic Comput. 16, 289–293] showed that
the linear identity(xy)z = y(zx) implies commutativity and associativity in all products of at
least five factors. We complete their project by showing that no other linear identity of any length
behaves this way, and by showing how the identity(xy)z = y(zx) affects products of fewer than
five factors; we include distinguishing examples produced by the finite model builder Mace4. The
corresponding combinatorial results for labelled binary trees are given. We associate a certain wreath
product with any linear identity. Questions aboutlinear groupoids can therefore be transferred to
groups and attacked by group-theoretical computational tools, e.g., GAP. Systematic notation and
diagrams for linear identities are devised. A short equational basis for Boolean algebras involving
the identity(xy)z = y(zx) is presented, together with a proofproduced by the automated theorem
prover OTTER.
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1. Motivation

It is customary to call an identitybalancedif the same variables occur on both sides of
the identity the same number of times. When each of thek variables of a balanced identity
ι appears on each side ofι exactly once,ι is calledstrictly balancedor linear of length2k.
We use the namelinear in this paper.

Thus, theassociative law x(yz) = (xy)z is a linear identity of length 6, and themedial
law (xy)(uv) = (xu)(yv) is a linear identity of length 8.

There does not seem to be any systematic account of groupoids (i.e., sets with one
binary operation) satisfying a linear identity, although several specific identities have been
studied in considerable detail. For instance, Ježek and Kepka wrote a series of papers
on linear identities with identical bracketings on both sides, e.g., themedial groupoids
defined by the above medial law (Ježek and Kepka, 1983), theleft (resp.right) permutable
groupoidsdefined byx(yz) = x(zy) (resp.(xy)z = (xz)y) (Ježek and Kepka, 1984a),
and theleft (resp.right) modular groupoidsdefined byx(yz) = z(yx) (resp.(xy)z =
(zy)x) (Ježek and Kepka, 1984b). These papers deal mostly with a representation of linear
groupoids by means of commutative semigroups, with the description of all (finite) simple
linear groupoids in a given variety, and with universal algebraic properties of the varieties
of linear groupoids.

We were drawn to the subject by the fascinating identity

(xy)z = y(zx), (1)

which, as far as we know, has not been named yet.Hentzel et al.(1993) showed that for
any groupoidG satisfying (1) and for any product ofm ≥ 5 elements ofG, them factors
commute and associate, i.e., the result of the product is independent ofparentheses and of
the order in which the elements are multiplied. This sounds paradoxical, since it is certainly
not true form = 3, and one would intuitively expectthe situation to become more complex
with increasingm.

No explanation (beside a proof!) for this phenomenon is offered inHentzel et al.(1993).
A superficial explanation could go as follows: the longer the products become, the more
ways there are in which the substitution rule (1) can be applied to them. Unfortunately, it
is not clear at all why this should overpower the growing number of possible products, or
why it only works for (1) andnot for other linear identities.

1.1. Contents

We introduce a systematic notation for linearidentities, and capture the behavior of
linear identities as substitutions in diagrams called identity-hedrons. Given two linear
identities, we decide when one implies the other. Consequently, we can count how many
distinct varieties of groupoids defined by a single linear identity of given length there are.
The answer depends on the number of cyclic subgroups of symmetric groups. We show
that the only linear identity that implies associativity and commutativity in sufficiently
long products is (1). This result can be restated in terms of transformations of labelled
binary trees. We introduce a canonical way of constructing a certain subgroup of a wreath
product from any linear identity. This construction seems to be of interest on its own, since
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