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Abstract

A graph-theoretical model is used to show that a special case of image reconstruction problem (with
3 colors) can be solved in polynomial time.

For the general case with 3 colors, the complexity status is open. Here we consider that among the
three colors there is one for which the total number of multiple occurrences in a same line (row or
column) is bounded by a fixed parameter. There is no assumption on the two remaining colors.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

We shall consider a special case ofimage reconstruction problemin discrete tomography.
The formulation will be based on graph-theoretic concepts [@éeand this will allow
us to show that this case can be solved in polynomial time; it generalizes earlier known
cases where the problem can be solved. The complexity status of a slight extension of this
solvable case is still open; so our result is a step towards the boundary between easy and
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difficult problems in image reconstruction. The reader is referr§g tior definitions about
complexity.

We shall now define the general image reconstruction problem as follows: an image of
(m x n) pixels of p different colors has to be reconstructed. For convenience we consider
that there is in addition a colgr 4+ 1 which is the ground color. We are given the number
a(i, s) of pixels of each colosin each rowi and also the numbétt(j, s) of pixels of each
colorsin each column; is it possible to reconstruct an image, i.e., can one assign a color
sto each entryi, j) of the image in such a way that there axé s) occurrences of color
sin each rowi andf(j, s) occurrences of colain each columrj, for all i, j, s?

This simplified version of image reconstruction problems occurring in discrete tomog-
raphy is denoted by (m, n, p); it is a combinatorial problem whose complexity status is
unknown forp =2 colors (i.e., when we haye+ 1= 3 colors including the ground color).

It is NP-complete forp >3 (se€[3,6]). In [4] some special cases solvable in polynomial
time have been presented. Notice that it is solvable in polynomial timetifl = 2 (see
[71).

For a solution to exist we must necessarily have

p+1

Zoc(i,s):n, i=1,...,m,

s=1

p+1

S BG.osy=m, j=1...n,
s=1

m

Za(i,s)=2ﬁ(j,s), s=1,...,p+1.

i=1 j=1

These conditions are necessary but not sufficient for the existence of a solution to
R(m,n, p).

2. Graph-theoretical formulation

We associate with the problem a complete bipartite g@phk,, , on two sets of nodes
R, § with sizesmandn. Each edgéi, j] of K (m, n) corresponds to entr§i, j) in row i
and columrj of the (m x n) array.

The image reconstruction problem can be interpreted as follows: The entries o&color
in the array correspond to a sub#gtof edges (a partial subgraph &f(m, n) such thatB;
hasu(i, s) edges adjacent to nodef Randf(/, s) edges adjacent to noglef S. We have
to find a partitionBy, B, ..., B,41 of the edge set ok (m, n) where eaclB; satisfies the
above degree requirements.

As mentioned above, for the cage+ 1= 3, the complexity is unknown. The problem is
solvable in polynomial time withp 4+ 1 = 4 colors (se¢4]) if three colors, say colors 1, 2
and 3, araunary, i.e.a(i, s) <1, p(j,s)<1fors =1, 2, 3, andalli, j. In the same paper,
it is shown that it is solvable witlp + 1 = 3 colors if two colors, say colors 1 and 2, are
semi-unaryi.e.a(i, 1) <1 Vi or f(j, 1) <1Vj, anda(i, 2) <1 Vior (j,2)<1Vj.
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