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Abstract

The coefficients ofg(s) in expanding therth derivative of the composite functiong ◦ f by Faà di
Bruno’s formula, is determined by a Diophantine linear system, which is proved to be equivalent to
the problem of enumerating partitions of a finite set of integers attached tor andscanonically.
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1. Introduction

Throughout this paper,Z, Z+, andN denotes the set of integers, positive integers, and
non-negative integers, respectively. LetU,V be two open intervals inR, and letf :U → V ,
g:V → R be two differentiable functions of classCr , r >0, such thatf (U) ⊆ V . The
derivatives of the composition is given by the Faà di Bruno formula (e.g., see[2,4,6,9–12]):

(g ◦ f )(r) =
r∑

s=1
(g(s) ◦ f )

∑
∑r

i=1ei=s∑r
i=1iei=r

r!
e1! · · · er !(1!)e1 · · · (r!)er f

(1)e1 · · · f (r)er . (1)

E-mail addresses:luis@iec.csic.es(L.H. Encinas),delrey@usal.es(A.M. del Rey), jaime@iec.csic.es
(J.M. Masqué).

0166-218X/$ - see front matter © 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.dam.2005.02.009

http://www.elsevier.com/locate/dam
mailto:luis@iec.csic.es
mailto:delrey@usal.es
mailto:jaime@iec.csic.es


L.H. Encinas et al. /Discrete Applied Mathematics 148 (2005) 246–255 247

For the sake of simplicity, we denote the coefficients in formula (1) as follows:

Ce= r!
r∏

i=1

1

ei !(i!)ei , e= (e1, . . . , er ) ∈ Nr .

Moreover, Bell polynomials are defined as follows (e.g., see[11, 2.8]):

Br,s(x) =
∑

∑r
i=1ei=s∑r
i=1iei=r

r!
e1! · · · er !

(x1
1!
)e1 · · ·

(xr
r!
)er

,

Br(x, y) =
r∑

s=1
ysBr,s(x).

Faà di Bruno’s formula and Bell polynomials are related as follows. Letxi = f (i) and
yi = g(i). Then

(g ◦ f )(r) = Br(f
(1), . . . , f (r), g(1), . . . , g(r)).

Accordingly, Faà di Bruno’s formula and Bell polynomials determine each other
tautologically.
The problem of computing therth derivative of a composite function is thus reduced

to compute the coefficientsCe, wheree∈Nr should satisfy the following Diophantine
linear system:

Er,s




E1
r,s ≡

r∑
i=1

ei = s,

E2
r,s ≡

r∑
i=1

iei = r

(2)

with 1�s�r.
It is now clear that the coefficientsCe are known once the systemEr,s is solved inN

r , as
the rest of operations involved are products of powers of factorials and their
inverses.
The goal of this paper is to prove that solving system (2) is equivalent to computing

the integer partitions of a finite set of integersSr,s (see the inequalities (12)–(14) below)
associated withr, s. This provides an explicit parameterization of the set of indices involved
in a specific coefficient, once the partition problem is solved (see Theorem 4 below). The
advantage is that it allows us to implement the computation of a single term in Faà di Bruno’s
formula without the need for computing the rest of terms. Symbolic manipulation programs
can be employed in order to obtain expansions of the derivatives of composite functions, but
such programs are obliged to compute all terms necessarily. Hence the programs overflow
even for rather reasonable values of the derivative order. In practice, however, one is often
confined to control only a part of the coefficients.
As is remarked in[5], no specific algorithm is known to compute the coefficients in Faà

di Bruno’s formula, apart from the general Horner iteration (e.g., see[7, 5.2]), which allows
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