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Abstract

A very close relationship between the compaction, retraction, and constraint satisfaction problems has been
established earlier providing evidence that it is likely to be difficult to give a complete computational complexity
classification of the compaction and retraction problems for reflexive or bipartite graphs. In this paper, we give a
complete computational complexity classification of the compaction and retraction problems for all graphs (including
partially reflexive graphs) with four or fewer vertices. The complexity classification of both the compaction and
retraction problems is found to be the same for each of these graphs. This relates to a long-standing open problen
concerning the equivalence of the compaction and retraction problems. The study of the compaction and retraction
problems for graphs with at most four vertices has a special interest as it covers a popular open problem in relation to
the general open problem. We also give complexity results for some general graphs. The compaction and retractior
problems are special graph colouring problems, and can also be viewed as partition problems with certain properties
We describe some practical applications also.
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1. Introduction

Aversion presenting the results of this paper apped29ijnWe first introduce the following definitions
and problems, and then describe the motivation and results.

1.1. Definitions

The pair of vertices forming an edge in a graph are callecttigpointof the edge. An edgev with
the same endpoints in a graph is calldd@p, and the vertex is said to have a loop. feflexive graphs
a graph in which every vertex has a loop. leflexive graphs a graph which has no loops. Any graph,
in general, is gartially reflexive graphmeaning that its individual vertices may or may not have loops.
Thus reflexive and irreflexive graphs are special partially reflexive grapbipaktite graph Gis a graph
whose vertex set can be partitioned into two distinct suli@gtandG g, such that each edge Gfhas one
endpointinG 4 and the other endpoint ii 5; we say thatG 4, G p) is a bipartition ofG. Thus a bipartite
graph is irreflexive by definition. When we do not mention the terms reflexive, irreflexive, or bipartite,
the corresponding graph may be assumed to be a partially reflexive graph. An edge is saitielné
with a vertexv in a graph ifv is an endpoint of the edge. A vertexs said to beadjacentto a vertexv
in a graph ifuv is an edge of the graph; ifis adjacent ta thenv is also adjacent ta. If a vertexu is
adjacent to a vertexin a graph them is said to be aeighbourof v, andv is said to be a neighbour of
in the graph. Thaeighbourhooaf a vertexv in a graph, denoted a@ébr (v), is the set of all neighbours
of v in the graph (note that for a loap, we havev € Nbr(v)). A graph in which each pair of distinct
vertices are adjacent is calleddamplete graphWe denote an irreflexive complete graph wkthertices
by K. A bipartite graph, with bipartitioG 4, G ), in which every vertex irG 4 is adjacent to every
vertex inG g is called acomplete bipartite grapmA pathof lengthk — 1 is a graph containinigdistinct
vertices, sayp, v1, vz, ..., vk—1, Such thatguv1, vive, ..., vi_2vr_1 are all the non-loop edges of the
graph.k>1; we may write such a path agvivz. .. vr_1, Wwhere the vertexg is called theorigin or the
first vertexof the path, the vertew;,_1 is called thaerminusor thelast vertexof the path, and the vertices
v1, V2, ..., Vk—1 are called thénternal verticef the path. Acycleof lengthk, called &-cycle is a graph
containingk distinct vertices, sayo, v1, v2, ..., vk—1, Such thatguv1, vivo, ..., vg_20k_1, Vxk_1V0 are
all the non-loop edges of the gragty; 3; we may write such a cycle agvivz . . . vg—_1v0. A squarewill
be used as a synonym for a 4-cycletriangle will be used as a synonym for a 3-cyclewalk of length
nin a graph is a sequence of vertiags1vs . . . v, not necessarily distinct such thaw; 1 is an edge of
the graph, forali =0,1,2,...,n — 1, n>0; we say that such a walk is frong to v,. For a graplG,
we useV (G) and E(G) to denote the vertex set and the edge s&® oéspectively. Theizeof a graph
is the number of vertices plus the number of edges in the graph. We defifeanthmaxSto give the
minimum and the maximum element respectively in a%&/hen a seSis an argument of a mapping
f, we definef (S) = {f(s)|s € S}. If a set has only one vertex, we may just write the vertex instead of
the set.

Let G be a graph. A vertex of G is said to be arsolated vertexof G, if v is not adjacent to any
other vertexo” of G, v # v’ (note that an isolated vertex may have a loop). Two verticesdv of G
are said to beonnectedn G, if there exists a path froma to v in G; otherwiseu andv are said to be
disconnecteth G. Thedistancebetween a pair of verticasandv in G, denoted adg (i, v) ordg (v, u),
is the length of a shortest path fromto v in G, if u andv are connected iG; we definedg (u, v)
(and dg (v, u)) to be infinite, ifu and v are disconnected . The diameterof G is the maximum
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