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Abstract

The well known Fine and Wilf’s theorem for words states that if a word has two periods and its
length is at least as long as the sum of the two periods minus their greatest common divisor, then the
word also has as period the greatest common divisor.We generalise this result for an arbitrary number
of periods. Our bound is strictly better in some cases than previous generalisations. Moreover, we
prove it optimal. We show also that any extremal word is unique up to letter renaming and give an
algorithm to compute both the bound and a corresponding extremal word.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Fine andWilf’s theorem for words is one of the most widely used and known results on
words. It was initially proved by Fine andWilf[7] in connection with real functions but then
adopted as a natural result for words, see[5,9,10]. We say that a word (string) has a certain
integer as period if the word repeats itself after that period; e.g., the wordabaabaabahas
periods 3, 6, and 8. It is not difficult to see that, given a set of periods, any long enough
word which has those periods will have also their greatest common divisor as period. The
essential question is how long theword should be. Fine andWilf’s theorem states that length
for two periods: it is the sum of the two periods minus their greatest common divisor. We
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are interested in both upper and lower bounds for this length. While the bound stated by
this theorem is a lower bound, it has been also proved to be an upper bound, that is, it
has been proved to be optimal. The optimality has been rigorously proved by Choffrut and
Karhumäki[5].
The problem of finding the (optimal) bound for arbitrary number of period has not been

settled yet. The first generalisation was given by Castelli et al.[3] for three periods. Then,
following the same ideas, a generalisation for an arbitrary number of periods was given
by Justin[8]. Their bounds are proved to be lower bounds and were claimed to be optimal
in some loose sense, see below. Further extensions and generalisations of Fine and Wilf’s
theorem are given in[1,4,2,11].
First of all, we need to make it clear what we are looking for. Given a set of periods, we

want the optimal bound (i.e., shortest length) which imposes the greatest common divisor
as period. The above mentioned generalisations gave a lower bound which can be strictly
improved in some cases. The loose optimality given by them essentially shows that for
some, but not all, sets of periods, if 1 is subtracted from their bound, then it will no longer
impose the greatest common divisor as period.
We shall give a new bound, in the general case of any arbitrarily fixed number of periods,

and prove it optimal in the natural (strong) sensementioned above. Our construction closely
follows the previous generalisations and then modifies those by considering a case when
their bound can be strictly improved. Themodification proves to be essential as it brings the
optimality. While the proof that the new bound is a good lower bound is not difficult, the
optimality is a bitmore involved.Wegive also an algorithmwhich computes simultaneously
the bound and a word realising it.
The paper is organised as follows. Section 2 gives the basic definitions and the for-

mal statement of Fine and Wilf’s theorem together with its counterpart for the optimality.
Section 3 introduces the new bound which is proved to be good in Section 4. Section 5 in-
troduces graphs associated with bounds and sets of periods and gives several results about
those which are used in the optimality proof of Section 6. The results for the associated
graphs are interesting by themselves and, in particular, after the optimality of the bound is
proved the uniqueness of the extremal words follows immediately. The last section contains
the algorithm which is a straightforward application of the results on graphs.

2. Fine and Wilf’s theorem

An alphabetis a finite non-empty set. For an alphabetA, the set of all finite words over
A is denoted byA∗. For a wordw ∈ A∗, thelengthof w, that is, the number of letters inw,
is denoted by|w|. If w = a1a2 . . . an, whereai ∈ A, for all 1� i�n, we say thatp�1 is a
periodof w iff ai = ai+p, for all 1� i�n− p. Notice that anyp� |w| is a period ofw.
Given ann-tuple of positive integersp = (p1, . . . , pn) and a positive integerk, we say

thatk is agood boundfor p if any word of lengthkwhich has periodsp1, . . . , pn has also
periodd = gcd(p1, . . . , pn); k is theoptimal boundfor p if it is a good bound whereas
k− 1 is not, that is, there exists a wordw of lengthk− 1 which has the periods inp but not
d. Notice that the notion of optimal bound makes sense only ifd is not among the elements
of p.
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