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ARTICLE INFO ABSTRACT

Available online 1 November 2012 Recently, new mixed integer linear programming formulations for the resource-constrained project
scheduling problem were proposed by Koné et al. [3]. Unfortunately, the presentation of the first new model
Resource-constrained project scheduling (called start/end-based formulation SEE) was not correct. More precisely, a set of necessary constraints
MILP formulation representing the relative positioning of start and end events of activities was unintentionally omitted in the
Event paper although it was present in the integer program used for the computational experiments. After
presenting a counterexample showing the incorrectness, we provide a disaggregated and an aggregated
variant of the set of necessary constraints, the disaggregated formulation yielding in theory a better linear
programming relaxation. We present computational results showing that although the linear programming
relaxations of both formulations yield equivalently poor lower bounds, the disaggregated formulation shows
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in average a better performance for integer solving of a well-known set of 30-activity instances.

© 2012 Elsevier Ltd. All rights reserved.

1. Introduction

The resource-constrained project scheduling problem (RCPSP)
may be formulated as follows. Given are n activities A={1,...,n}
and m renewable resources R={1,...,m}. A constant number of
By units of resource k is available at any time. Activity i e A must
be processed for p; time units and occupies b;, units of resource
k during this time period. Furthermore, a set E of precedence
relations (i) is given, where (i,j) € E means that activity j cannot
start before activity i is completed.

The objective is to determine starting times S; for the activities
ie A such that

e at each time the total resource demand is less than or equal to
the resource availability of each resource k e R,

o the given precedence constraints are fulfilled, i.e. S;+p; <S; for
(ij) e E, and

e the makespan Cpax=max{_,{C;} is minimized, where
C; .= S;+p; denotes the completion time of activity i.
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Additionally, two dummy activities 0 and n+1 are introduced
indicating the start and the end of the project, respectively. These
dummy activities need no resources and have processing time
zero. Furthermore, we have (0,i) € E for all activities i without any
predecessor and (i,n+1)eE for all activities i without any
successor. Then S, .1 may be interpreted as the makespan of the
project.

Recently, two new mixed integer linear programming (MILP)
formulations for the RCPSP based on events were introduced in
Koné et al. [3]. In the following, we will show that the start/end-based
formulation SEE is not correct by presenting a counterexample.
Afterwards we give a corrected version and present some computa-
tional results.

2. The SEE-formulation

The start/end event-based formulation SEE uses the notion of
events which correspond to times where an activity starts or
ends. The SEE-formulation relies on the fact that for the RCPSP
always an optimal left-shifted (semi-active) schedule exists in
which the start time of any activity is either 0 or coincides with
the completion time of another activity. Therefore, for n activities
at most n+1 events have to be considered. Let £={0,1,...,n} be
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the index set of the events corresponding to the starting and
completion times of the activities.

In the SEE-formulation, two types of binary variables and two
types of continuous variables are used. There are binary variables
Xie, Yie €{0,1} for i e A, e e £ with

1,
Xie = 0

and

1,
Yie = 0

The continuous variables t, for e e £ represent the dates of the
events e. It is assumed that the events are enumerated such that
to <t; < --- <t, holds. The continuous (auxiliary) variable r for
e e &k eR represents the quantity of resource k required imme-
diately after event e.

Using these variables, the SEE-formulation was introduced as
follows:

if activity i starts at event e
otherwise

if activity i ends at event e
otherwise

min t, (1
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Additionally, the following inequalities were integrated taking
into account time windows [ES;,LS;] for the activities i e A, where
ES; and LS; denote the earliest and latest starting time for i,
respectively:

ESiXie <te < LSiXie+LSn1(1—Xi) (icA;eef) (14)
(ESi+pi)Yie <te <(LSi+p)yie +LSn1(1-y;) (icAjecé) (15)
ESp 1<ty (16)

The objective function (1) consists in minimizing the comple-
tion time t, of an activity processed last. Constraint (2) indicates
that the first event starts at time 0, (3) takes care of the ordering
of the events. Inequalities (4) ensure that if x;, = y; = 1 (i.e. i starts
at event e and completes at event f), then t; > t.+p; holds. For all
other combinations of values for x;. and y;; we have either t; > te
or t; >te.—p;, wWhich are covered by (3). Constraints (5) and (6)
guarantee that each activity starts and ends exactly once.
Constraint (7) ensures that the given precedence constraints are

respected: If a predecessor i of j ends at event e or later (i.e.
S _eVie=1), then Zg,’ioxje/ must be zero, i.e. j cannot start
before event e. Equalities (8) set the initial quantities of each
resource k needed immediately after time 0. Equalities (9)
describe the recursion for calculating the ree-values for the other
events, namely the quantity of resource k needed immediately
after time t. is equal to the quantity of resource k needed
immediately after time t._; plus the quantity of resource k
needed by the activities starting at time t. minus the quantity
of resource k needed by the activities completing at time t..
Constraints (10) limit the quantity of resource k needed immedi-
ately after time t, to the availability of resource k. Inequalities
(14) and (15) ensure that an activity cannot start before its
earliest starting time nor after its latest starting time. Further-
more, (16) says that the project cannot end before the earliest
start time of the dummy finishing activity n+1.

Unfortunately, this formulation is not correct since an activity
may end at the same time or before it is started (i.e. we may set
Xe=Yy=1 for events f <e). For simplicity, we consider the
formulation without the inequalities (14)-(16) for the time
windows since they do not influence correctness.

For a counterexample, consider a project with n=4 activities,
m=2 resources with capacities By =5, B, =7, a precedence
relation (2,3), and the following data:

i1 2 3 4
4 3 5 8
bul2 1 2 2
bp|3 5 2 4

An optimal schedule with makespan Cp,x = 12 is shown in Fig. 1.
Let us consider the solution

to=ti=ty=t3=1t,=0
X1a=X21 =X33=X41 =1
Yio=Y21=Y31=Yao =1
Ta =4, Tia=rp=rp=2, rp=7

where all other values are equal to zero. In the following, we show
that this solution is feasible for the SEE-formulation (1)-(13):
That the constraints (2), (3), (5), (6), and (11)-(13) are satisfied,
can be seen immediately. Conditions (4) hold because for all e < f
we have (X,yy) # (1,1) for i=1,2,3,4. Therefore, (4) is equivalent
to ty > te or t; > te—p;, which is satisfied due to (3). Condition (7) is
fulfilled because for (i,j)=(2,3) we have Y. _ ¥ +X30=
1+0=1 and Y, _, ¥ =0 for e> 1. That (8)-(10) are satisfied
can be seen by evaluating (8) and (9). For example, for the

By=5qoc-ccaaaaai i
4
1 5 3 1 .
By=T7q----
4
2
1 3 1
T T >
0 4 7 12

Fig. 1. An optimal schedule for the example.
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