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Conjugate gradient methods are a class of important methods for unconstrained optimization problems,
especially when the dimension is large. In this paper, we study a class of modified conjugate gradient
methods based on the famous LS conjugate gradient method, which produces a sufficient descent
direction at each iteration and converges globally provided that the line search satisfies the strong Wolfe
condition. At the same time, a new specific nonlinear conjugate gradient method is constructed. Our
numerical results show that the new method is very efficient for the given test problems by comparing
with the famous LS method, PRP method and CG-DESCENT method.

© 2013 Elsevier Ltd. All rights reserved.

1. Introduction

In the reference [2], Liu and Storey propose the famous LS
nonlinear conjugate gradient method (called LS method). The
important property of the LS method is that it has good numerical
results. But its global convergence has not been thoroughly proved
under the Wolfe-type line search condition. The purpose of this
paper is to study a class of conjugate gradient methods related to
the famous LS method.

Consider the following unconstrained optimization problem:
minf(x),
xeR"
where f(x) is smooth and its gradient g(x) is available. Conjugate
gradients methods are efficient to solve the above problems, and
have the following iteration form:

Xpey1 = Xg + oy, (1.1
fork=1;

for k>2, 1.2)

do— =8l
T g+ A
where g, = -Vf(xy), o, > 0 is a step length determined by some line
search; dy is the search direction and g, is a scalar. The formula of
B should be so chosen that the method reduces to the linear
conjugate gradient method in some case when f(x) is strictly
convex and the line search is exact.
Some well-known formulas of 3, are called the Fletcher-Reeves
(FR) [1], Liu-Story (LS) [2], Polak-Ribiére-Polyak (PRP) [3,4] and
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Hager-Zhang (HZ) [5] formulas, i.e.,

11g1? LS giVk 1 prp SRk
Bt = LB = - 2L = . 3,45
“ gl ¢ i1 k g1 112
2\ g
ﬁkHZ=<J’l-1—2d/1 k-1 > k5]
! : dLﬂ/k-l dLﬂ’kq

where Il is the Euclidean norm and y,_; = g;—8-;. Their corre-
sponding conjugate gradient methods were generally specified as
FR, LS, PRP and HZ methods. Obviously, if f is a strictly convex
quadratic function and the line search is exact, the above methods
are equivalent.

In the past few years, the LS and PRP methods have been
regarded as the most efficient conjugate gradient method in
practical computation, which makes them research widely, see
[2-4,6-11]. Hager and Zhang [5] discussed the global convergence
of the HZ method for strong convex functions under the Wolfe line
search, i.e., o satisfies

fxk + ardi) <f(x) + Sargrdy, (1.3)

gy + aydy) dy>ogldy, (1.4)

where 0 <5 <o < 1. In order to prove the global convergence
for general functions, Hager and Zhang modified the parameter
Az as

BYHE = max (B, .} (1.5)

where 75, = (-1/||dg-1|Imin{y, ||gk-111}), n>0. The corresponding
method of (1.5) is the famous CG-DESCENT method.

Gilbert and Nocedal [12] investigate global convergence prop-
erties of the dependent FR method with g, satisfying ‘ﬁk‘ s‘ﬁi“’,
provided that the line search satisfies the strong Wolfe conditions,
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i.e., oy satisfies (1.3) and
g(xk + axdy) dy| <—ogfdy, (1.6)

where 0 <s<o<1.
The above observation motivates us to construct a class of
conjugate gradient methods in which g, satisfies

AR (1.7)
where
u g} 81 1
ty= ——, = , O<u< s andoe(0,1
o rm) T TigP g o@D

In Section 2, we will investigate global convergence properties
of the new modified conjugate gradient method with the strong
Wolfe line search. In Section 3, we will give a specific nonlinear
conjugate gradient method which originates in the new modified
conjugate gradient method, and some numerical results are also
reported.

2. The main results

In this section, we always assume that ||g||+0 for all k, for
otherwise a stationary point has already been found. At the same
time, in order to guarantee the global convergence of the new
method, we make the following assumption on the objective
function f(x).

Assumption (H).

(i) The level set Q={xeR"|f(x)<f(x1)} is bounded, where x; is the
starting point.

(ii) In some neighborhood Vof @, f is differentiable and its
gradient g is Lipchitz continuous, namely, there exists a
constant L > 0 such that

eX)—g)l <L||x-y||, forall x,yeV.

Obviously, from Assumption (H), we know that there exists a
constant ¥ > 0, such that

llgx)|| <7 forall xeV. 2.1)

Lemma 2.1. Consider any method (1.1)-(1.2), where p, satisfies (1.7)
and ay, satisfies the strong Wolfe line search (1.3) and (1.6). Then

gidi<—(1-w)llg |- 22)
Proof. We prove the conclusion by induction. Since ||g;|> = -gld,
and ue(0,1/2), the conclusion (2.2) holds for k=1. Now we

assume that the conclusion is true for k-1 and g,#0, then
gl_,dy-1 < 0. We need to prove that the result holds for k.

Multiplying (1.2) by g7, we have

gid = 118> + Aigidi1-
Then from (1.7) and (1.6), we get

2
grdy S—‘ || + |Bk]-lgkdior | <=8k + tie | B |- 1gkdit |
2 ul|gl? gkl + 18L&l T
<-||g . (—08,_1dk-1)
‘ T e(igl 2+ glgel ) —gk i k=1t
<—(1-u)ligl?>.

From above inequality, the conclusion (2.2) also holds.
According to (2.2) and O<u < % we also have

llggll? < —2ggdy. 2.3)

We state a general convergence result as follows. This result
was essentially proved by Zoutendijk [13]. It is important in the
convergence analyses of nonlinear optimization methods.

Lemma 2.2. Suppose Assumption (H) holds. Consider any method
(1.1)~(1.2), where dy satisfies gldy <0 for keN" and a, satisfies the
Wolfe line search (1.3) and (1.4). Then

(gldy)?
i1 ldil?

The strong Wolfe line search is a special case of the Wolfe line
search, so the Lemma 2.2 also holds under the strong Wolfe line
search.

< 4+ oo. (2.4

Lemma 2.3. Consider any method (1.1)~(1.2), where By, satisfies (1.7)
and ay satisfies the strong Wolfe line search (1.3) and (1.6). If there
exists a constant r > 0, for Yk=1 such that

I8 lI=T. 2.5)
Then we have

2
2 =t 11° < + oo.
>2

where

k
U= —
|ldg|

Proof. From (2.2), we know that d,+0, VkeN*. Define the
quantities

—8k Brlldi-11]
r,= and §, = —=——"——
K 1dill K gl

In the following, we first prove that 1 + §,+0 holds. Obviously,
the inequality holds when the parameter $;20. In order to prove
that the inequality also holds when g, <0, we apply the contra-
diction. Suppose that 1 + §, =0 holds, i.e., =||di-1]| = ||dl|.

From g, <0, then we have

1B -1 11 = lidy]|
From (1.2), we have [|dy + gl| = ||cdk-11, therefore,
l1dy + il = l1dkll
Squaring the equality, we get
llgill® = —2gidi,

which is contradictive with (2.3). Hence, 1 + §,#0 always holds
when g, satisfies (1.7) under the strong Wolfe line search, i.e.,
there exists a constant p > 0 such that

11+ 8kl=p. (2.6)
From (1.2), we have

"= d =—gk+ﬂkdk-1
T Idkll [dkl|

According to the definition of u, we have ||u|| =1, then

=Tk + Splk_1-

Tl = [te=0pUp-1 1] = O U —Uk-11l- 2.7

By (2.6) and (2.7), we have

1
U=ttt 1| = =51 1+ 00 (=)
1
= 11+ (|| ur—drettir || +|[Srcux—ttg-1 |)
2
S7Hrk||- (2.8)
p

From (2.2), (2.4), (2.5) and (2.8), we have

2r2 1-u 2
PO S et 12 <10 3 (gl P17)
k=1 k>1
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