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Abstract

This paper describes a novel method to treat Neumann and Dirichlet boundary conditions in meshless discretizations of
elliptic equations using nodal integration. The usual meshless framework for boundary fitted discretizations is first
presented. Then, the possibility of dealing with non boundary fitted clouds of points is integrated into this framework.
With this new method, the discretization of the boundary can automatically be generated from a covering point cloud in
such a fashion that the degrees of freedom of the final discrete problem are associated with interior nodes only. This
process minimally depends on the description of the simulation domain as it only needs to test whether a point is inside
or outside of the domain. The emphasis is strongly set on building an adequate discrete structure, which allows a
convenient interpretation of necessary conditions to pass the linear patch test.
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1. Introduction

The overwhelming majority of numerical methods for
the simulation of Partial Differential Equations (PDEs) are
formulated in terms of a mesh, namely a tessellation of
space into (often polyhedral) cells. In contrast, the name
"meshless method" denotes any method which does not
use a mesh to perform the discretization of the problem.

Smoothed Particle Hydrodynamics, probably the first
meshless method for the simulation of PDEs may be traced
back to 1977 and attributed to the independent work of
Lucy ([3434]) and Gingold and Monaghan ([2525]). Since then,
meshless methods have grown both in terms of variety of
applications - ranging from linear elasticity to multiphase
flows for instance - and in terms of diversity of formula-
tions. The long term application target of our work is the
simulation of crack initiation and propagation, which re-
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quires precise knowledge of the stress concentration in the
vicinity of geometrical singularities. En route towards this
goal, this article proposes a method for the imposition of
boundary conditions that enables an accurate computation
of the stress profile near the crack tip.

The wide variety of meshless methods can roughly be
divided into two main categories. The first consists of
meshless methods based on a Galerkin formulation such as
the Element-Free Galerkin (EFG) method of Belytschko
et al. (see [55]), the Reproducing Kernel Particle Method
(RKPM) of Li and Liu (see [3333]) or H-p Clouds initiated
by Duarte and Oden (see [1414]). In a nutshell, this class
of methods builds shape functions on a cloud of points
and uses those functions as trial and test functions in a
weak formulation. In other words, the discretization is
a restriction of the initial weak formulation to a finite
dimensional space of functions.

By contrast, the second family of meshless methods re-
groups the formulations which go further in the discretiza-
tion process and where the equations are presented in terms
of discrete operators. Most versions of SPH certainly fall
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