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In this work a novel adaptive strategy for stochastic problems, inspired from the classical
Harten’s framework, is presented. The proposed algorithm allows building, in a very general
manner, stochastic numerical schemes starting from a whatever type of deterministic
schemes and handling a large class of problems, from unsteady to discontinuous solutions.
Its formulations permits to recover the same results concerning the interpolation theory of
the classical multiresolution approach, but with an extension to uncertainty quantification
problems. The present strategy permits to build numerical scheme with a higher accuracy
with respect to other classical uncertainty quantification techniques, but with a strong
reduction of the numerical cost and memory requirements. Moreover, the flexibility
of the proposed approach allows to employ any kind of probability density function,
even discontinuous and time varying, without introducing further complications in the
algorithm. The advantages of the present strategy are demonstrated by performing several
numerical problems where different forms of uncertainty distributions are taken into
account, such as discontinuous and unsteady custom-defined probability density functions.
In addition to algebraic and ordinary differential equations, numerical results for the
challenging 1D Kraichnan–Orszag are reported in terms of accuracy and convergence.
Finally, a two degree-of-freedom aeroelastic model for a subsonic case is presented. Though
quite simple, the model allows recovering some physical key aspect, on the fluid/structure
interaction, thanks to the quasi-steady aerodynamic approximation employed. The injection
of an uncertainty is chosen in order to obtain a complete parameterization of the mass
matrix. All the numerical results are compared with respect to classical Monte Carlo
solution and with a non-intrusive Polynomial Chaos method.

© 2013 Elsevier Inc. All rights reserved.

1. Introduction

Nowadays, the prediction of the numerical simulations is a fundamental task to attain for the optimization and the
control of engineering devices. However, estimating the confidence of a numerical simulation remains very challenging. In
recent years, a strong effort has been devoted to develop efficient numerical methods for taking into account the random-
ness in the numerical simulations.

The most popular and known method for the uncertainty quantification (UQ) is the Monte Carlo. Its development led
back to the research on the nuclear devices in the context of the Manhattan project and is due to Fermi, von Neumann
and Ulam. This method is based on a stochastic procedure to represent realizations of the solution for which the statistic
moments can be computed. Despite its solid mathematical framework it represents a very expensive approach for most
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practical application because it requires a great number of realizations. Several improved versions of the classical Monte
Carlo method have been proposed in literature for increasing the convergence rate, see for instance the recent work pre-
sented in [1], but they still remain unfeasible for complex problems when the evaluation of samples is expensive, as in most
engineering problems.

One of the most important class of methods for UQ is based on the Polynomial Chaos (PC) representation. In the original
work of Wiener [2], the solution is expanded in a polynomial Hermite basis, the so-called homogeneous chaos expansion. In
recent years, Xiu and Karniadakis [3] demonstrated that the optimal convergence, with respect to non-Gaussian probability
distributions, can be achieved if orthogonal basis are chosen following the so-called Wiener–Askey scheme. This leads to the
well-known generalized Polynomial Chaos (gPC). Following the procedure introduced by Xiu and Karniadakis, i.e. employing
the probability density function as a weight function for searching the orthogonal basis, an optimal expansion basis could be
virtually obtained from every kind of pdf, see for details [4,5]. Actually the gPC is often used in combination with Galerkin
projection [6] techniques following the idea of Ghanem and Spanos [7], who first extended the applications of the PC in
combination with finite elements. The gPC is recognized as one of the most efficient techniques thanks to its exponential
rate of convergence. However, problems with discontinuities in the random space can lead to slow convergence. Similarly
long-time integration problems could be encountered [8], where this behavior is due to the modification in time of the
statistic properties of the solution that induces an efficiency loss of the polynomial basis in time. Recently, Gerritsma et
al. [9] proposed a time-dependent generalized Polynomial Chaos scheme based on the research of a time varying optimal
polynomial basis.

Another class of method for the UQ is based on the stochastic collocation (SC) approach [10]. This strategy is based on
building interpolants (polynomial), of the same dimensionality as the stochastic space, in order to approximate the solution.
In order to reduce the computational cost for high-dimension problems, these methods are often coupled to sparse grids
techniques. The sparse grid strategy has been proposed by Smolyak [11] allowing interpolation of the function in a reduced
subset of points with respect to the full tensorization set. This strategy is a cure against the so-called curse of dimensionality
[12] problem, i.e. the exponential growth of the number of points with respect to the stochastic dimensions [13,14].

Actually, handling a non-smooth behavior for high-dimension problems remains a very challenging issue. It is not
completely solved even for low or moderate dimension problems. In the context of gPC schemes, Wan and Karniadakis in-
troduced an adaptive class of methods for solving the discontinuity issues by using local basis functions, the multi-element
generalized Polynomial Chaos (ME-gPC) [15]. This strategy deals with an adaptive decomposition of the domain on which lo-
cal basis are employed. In order to treat discontinuous response surfaces, Le Maître et al. applied a multiresolution analysis
to Galerkin projection schemes [16,17]. This class of schemes relies on the projection of the uncertain data on a multi-
wavelets basis consisting of piecewise polynomial (smooth) functions. This approach is shown to be very CPU demanding.
Consequently, two cures are then explored in the context of adaptive methods: automatically refine the multi-wavelets basis
or adaptively partitioning the domain.

More recently, unsteady stochastic problems have been solved by means of multi-elements techniques, employing the
collocation simplex method [18]. Also for these stochastic collocation methods, adaptive strategies have been proposed in
order to tackle the discontinuity issues. In the work of Agarwal and Aluru [19], an adaptive stochastic collocation method,
based on the recursive splitting of the domain, has been proposed. In this case the splitting of the domain and the adaptivity
is applied directly to the sparse grid basis. A sparse grid collocation strategy, based on piecewise multi-linear hierarchical
basis functions, has been adopted by Ma and Zabaras [20] to recover the convergence loss by a global polynomial approxi-
mations in presence of discontinuities.

Recently, Abgrall et al. [21–23] introduced a new class of finite volume schemes capable to deal with discontinuous
problems both in the physical and stochastic space for shock-dominated flows. The so-called semi-intrusive scheme (SI)
exhibits promising results in term of accuracy and efficiency compared to more classical Monte Carlo and gPC methods.
The idea is to extend to the stochastic space the finite volume representation used for the deterministic scheme. The
established framework of the reconstruction techniques (ENO/WENO) in finite volume schemes can be, very easily, employed
in the stochastic space with the SI scheme. This approach can lead to some advantages such as an extreme flexibility with
respect the form of the pdf (that can be discontinuous and unsteady), an easy implementation, a slight modification of the
deterministic solver preserving the number of equations.

The aim of the present work is to provide a framework, inspired from the classical multiresolution representation of
Harten [24], capable to recover the same results of this theory but including new features for the extension to stochastic
problems. The proposed algorithm, the Truncate and Encode (TE) strategy, displays very good properties in terms of conver-
gence and efficiency. Moreover, it allows handling adaptively a stochastic mesh in a very general way. This could allow in
the future a very easy coupling with different kinds of numerical methods as, for example SC and SI schemes. While in this
work no dependence on the physical spaces is considered, the long-term objective is to build accurate numerical scheme,
for low or moderate number of uncertainties, permitting to deal with unsteady discontinuous solutions and using unsteady
refinement/derefinement capabilities both in the physical and stochastic space.

The approach proposed in the present work is based on a multiresolution concept, as already made in Le Maître’s work.
However, the approach differs completely since here no spectral projection is employed, as it will be explained in the next
section. Moreover, the possibility to reject a wavelets (equal to an interpolation error as in the original Harten framework)
is based only on local tests, then is different from Galerkin projection approach where 1D energy estimator along stochastic
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