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Abstract

An accurate solution to the problem of a normal shock moving into still fluid with a density variation is presented.

The solution is obtained using a shock fitted approach and Runge–Kutta time integration. Uniform third order accu-

racy of the scheme is demonstrated. Comparisons with shock captured solutions show that the fitted solution presented

here is more accurate.
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1. Introduction

The problem of a normal shock moving into still air with a density variation has proved to be a nice test

problem for shock-capturing schemes because it has both smooth structure and moving discontinuities.

This problem was first proposed by Shu and Osher [1] in 1989 and has become a standard test case for

shock capturing schemes. In contrast to other test problems, such as the shock tube problems of Sod

and Lax, this problem is a good test of the spatial accuracy of a numerical scheme in smooth regions.

Its one drawback, which we wish to address here, is that there is no exact solution. A linearized solution

of this problem, in terms of plane waves, may be found in [2] but is not of much use in validating numerical
solutions because, for the parameters used, the problem is nonlinear. In current practice, a solution on a

very fine mesh by a shock capturing scheme is used as an exact solution, but, as we show in this paper, even

on very fine grids these schemes display spurious oscillations.
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As the shock propagates into the varying density field, an oscillatory solution develops behind the shock.

At any instant of time, this oscillatory solution is bounded by an expansion fan on the left, a contact dis-

continuity in the middle and the traveling shock on the right (see Fig. 2) . In time, this oscillatory solution

steepens to form a shock train behind the shock, but for earlier times, the solution behind the shock remains

continuous.
Our aim in this paper is to present a highly accurate solution to this problem during this early time per-

iod using a shock fitted approach. In this approach, the shock front is a computational boundary whose

trajectory is generated during the calculation. Since the flow in the computational domain is smooth, there

is good reason to expect a shock fitted solution to be highly accurate. In fact, we modify the problem

slightly so that the early time solution is a bit smoother than the original problem (see below).

Shock fitted solutions have been widely [3–8] used to obtain highly accurate solutions.The main advan-

tage of shock fitting is that simpler, more accurate numerical schemes can be used without incurring spu-

rious O(1) errors at the shock. However, they can be used only in special circumstances where the shock
structure is simple and known in advance. Some previous applications have included the interaction of

sound and vorticity waves with a stationary shock, a blunt body in supersonic flow, shock reflection prob-

lems in two dimensions etc.

We present the shock fitted solution next. Grid refinement studies to estimate the absolute truncation

error and comparisons with shock capturing schemes are presented thereafter, where it is shown that the

shock fitted solution is more accurate.

2. Shock fitted solution

The original problem can be stated on the domain [�1,1] as follows: At t = 0, a normal shock of shock

Mach number M at x = x0, is moving to the right into still air with a density profile. For x 6 x0, we have

q ¼ ððcþ 1ÞM2Þ=ððc� 1ÞM2 þ 2Þ;
u ¼ 2ðcÞ1=2ðM2 � 1Þ=ððcþ 1ÞMÞ;
p ¼ 1:0þ 2cðM2 � 1Þ=ðcþ 1Þ;

ð1Þ

while for x > x0, we have

q ¼ 1:0þ � sin½5px�;
u ¼ 0;

p ¼ 1:

ð2Þ

This problem is usually solved with the following values for the parameters: c = 1.4, M = 3, � = 0.2,

x0 = �0.8 and the final solution is obtained at t = 0.36.
Since the shock fitted solution works best in smooth regions, we modify the problem slightly so that the

solution behind the traveling shock is smoother. Instead of (2) we set (for x > x0)

q ¼ 1:0þ � sin½2:5px�4;
u ¼ 0;

p ¼ 1:

ð3Þ

In the original problem, qx for x > x0 is nonzero while in the modified problem qx, qxx and qxxx are zero.

This modification imposes a gentle start to the interaction and has the effect of smoothing over the expan-

sion fan and the contact discontinuity in the region behind the shock. At the same time, it retains all the

basic features of the solution, namely a highly oscillatory field followed by a traveling shock.
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