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a b s t r a c t

In many practical situations, the data on which statistical analysis is to be performed is
only known with interval uncertainty. Different combinations of values from the interval
data usually lead to different values of variance, covariance, and correlation. Hence, it is
desirable to compute the endpoints of possible values of these statistics. This problem is,
however, NP-hard in general.

This paper shows that the problem of computing the endpoints of possible values of
these statistics can be rewritten as the problem of computing skewed structured singular
values ν, for which there exist feasible (polynomial-time) algorithms that compute rea-
sonably tight bounds in most practical cases. This allows one to find tight intervals of the
aforementioned statistics for interval data.

& 2016 Elsevier Ltd. All rights reserved.

1. Introduction

This paper shows that solutions to some NP-hard problems with interval data can be explicitly expressed by using a
skewed structured singular value ν [1]. Specifically, such a reformulation is considered for the problems of computing
variance, covariance, and correlation for interval data. When data are known with interval uncertainty, each of these sta-
tistics cannot be expressed by a single value, and only an interval of possible values of the statistic can be obtained. In [2], it
was proven that it is NP-hard to compute the upper endpoint of the exact interval of variance (the lower endpoint can be
computed by a feasible algorithm), and both endpoints of the exact intervals corresponding to covariance and to correlation
for interval data. In this paper, it is shown that all these computationally challenging endpoints can be expressed as skewed
structured singular values, ν – with an exception of one of the lower and upper endpoints of the correlation with particular
data sets, for which, polynomial time algorithm already exists [3].

Although in general, computation of ν is known to be NP-hard [4], there exist polynomial time algorithms that compute
reasonably tight lower and upper bound on ν in most practical cases. These methods include power iterations and linear
matrix inequalities [5–7]. ν has been used to analyze the effect of uncertainties in control communities [8], and toolboxes
such as [9,10] are available for computing its lower and upper bounds.

The approach using ν also allows one to compute a guaranteed interval in which the endpoint lies by the lower and
upper bounds on ν.
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2. Mathematical preliminaries

This section provides definitions and lemmas needed to understand the later sections of this paper. Readers are referred
to robust control textbooks (e.g., [8]) for a full understanding of the topic.

The set of real numbers and real matrices of size n�m are denoted by , and ×n m, respectively. For a vector v, vi denotes
the i-th element of v. 1 is a vector of ones. For a real matrix M, MT denotes the transpose of the matrix M. ( )Mdet is the
determinant of M. ∥ ∥∞M is the spectral norm of M, which is the largest singular value of M. [ … ]M Mdiag , , n1 is a block-
diagonal matrix with Mi on the diagonal. In is an identity matrix of size n.

Definition 2.1 (Uncertain structures). For a given matrix block structure = ( … ) r r, , n1 p , define the sets of matrices of size
r� r for = ∑ =r ri
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Namely,  defines the sizes of the diagonal blocks, where each of the np blocks of size ri is scaled by a real scalar δi.
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and similarly for ΔkB
m
n and ΔkB 1.

Definition 2.2 (Skewed structured singular value ν [1]). For a matrix ∈ ×M m m, and two block structures p and q, the
skewed structured singular value ν is defined as
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unless no k exists for Δ Δ∈ kBq q that makes Δ−I M singular, in which case ν ( ) =  M 0,p q .

Definition 2.3 (Linear fractional transform [8]). For matrices and Δ of compatible dimensions, the
(upper) linear fractional transform (LFT) is

( )Δ Δ Δ( )≔ + − −F M M M I M M, ,u 22 21 11
1

12

provided that the inverse ( )Δ− −I M11
1 exists. An LFT is said to be well-posed if Δ−I M11 is invertible.

Formulas for the summation, multiplication and inverse of LFT are found in [8]. For example, in the case of summation,
the formula gives expressions for N and Δ for given M, Q, Δ1 and Δ2 such that

Δ Δ Δ( ) + ( ) = ( )F M F Q F N, , ,u u u1 2

holds.

Lemma 2.4 (Scaled main loop theorem [11]). If an LFT Δ( ) ∈ F M,u
n is well-posed for all Δ Δ∈ B for a given block structure  ,

then
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Lemma 2.5 ([12,13]). For In and ∈ ×M m m, it holds that
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⊗ denotes Kronecker product and ei denotes the i-th column of the identity matrix of appropriate dimension.

Notations: Given interval ranges [ ¯ ]x x,i i of values …x x, , n1 , let
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