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Abstract

We review results obtained over a period of about a decade on a class of technologically and fundamentally important problems in suspension
rheology viz., the dynamics and rheology of dipolar suspensions of orientable particles in simple shear flow. The areas explored in this review
include effects such as the fluid flow field, external forcing, Brownian diffusion, hydrodynamic interactions and their impact on the rheological
properties of the suspension. The main feature of the presentation is the use of a uniform framework in which one or more of the above effects
can be studied, based on Langevin type equations for particle orientations combined with a brute-force technique for computing orientational
averages. These models are capable of capturing complex dynamical behaviour in the system such as the presence of subharmonics or chaos,
both in the dynamics and rheology. The tools developed allow for investigating how chaos in the system is affected by Brownian diffusion
and hydrodynamic interactions. The presence of chaos opens up a number of novel possibilities for dynamical and rheological behaviour of
the system, which can be put to efficient use in many ways, e.g. in separating particles by aspect ratio and possibly developing computer
controlled intelligent rheology. The results also have implications for certain areas of chaos theory, such as a new intermittency route to chaos
and the possibility of non-trivial collective behaviour in spatially extended systems. These studies highlight certain deficiencies in current
techniques in the literature for handling the rheology of dilute and semi-dilute suspensions. In the presence of Brownian motion the proposed
method computes the averages by simulating a set of deterministic ordinary differential equations rather than stochastic differential equations.
The systems considered may also serve as a paradigm for analysing how microscopic chaotic fluctuations in spatially extended systems affect
macroscopic averages. We also attempt to put our results into context with respect to recent work on rheochaos in complex fluids such as
liquid crystals and nematic polymers.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

A systematic theoretical study of suspensions of particles
in fluids can be considered to have started with the semi-
nal work of Einstein[1] on Brownian motion namely, the
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Nomenclature

b equatorial radius of a spheroid in the suspen-
sion

c1, c2 see Eq.(8)
C = (r2 − 1)/(r2 + 1), a shape factor for the par-

ticle
Dr diffusion coefficient
E rate of deformation tensor
F (x, y) function ofj0(x) (see Eq.(11))
G(q) Green’s function for the hydrodynamic inter-

action corresponding to orientationq
G′(q) = G(q) − |q
H(x, y) certain function ofj1(x) (see Eq.(11))
i unit vector along thex-direction
j0(x), j1(x) spherical Bessel functions of zeroth and

first orders
k the scaled dimensionless form of the external

force
k1, k2, k3 Cartesian components ofk

l half the length of a fiber
n number of particles per unit volume
P a constant depending on the shape of the par-

ticle (see Eq.(2))
Pe Péclet number (=̇γ/Dr)
|q Oseen tensor for orientationq
Q a constant depending on the shape of the par-

ticle (see Eq.(2))
Q1,Q2 functions ofF andH (see Eq.(10))
r aspect ratio of the particle
R a constant depending on the shape of the par-

ticle (see Eq.(2))
u unit vector indicating the orientation of the par-

ticle
uJ Jeffery’s rotation rate of particle
u1, u2, u3 Cartesian components ofu

v undisturbed velocity profile of the flow
y the y-coordinate

Greek letters
γ̇ shear rate
Γ Gaussian white noise vector
Γ1,Γ2,Γ3 Cartesian components ofΓ

δ unit tensor
[η1], [η2] the apparent viscosities
θ polar angle in spherical co-ordinates
ξi component of the orientation vectorq in the

directionni
[τ1] the first normal stress difference
[τ2] the second normal stress difference
φ azimuthal angle in spherical co-ordinates

Φ the volume fraction of the particles in the fluid
ψ(u, t) particle orientation distribution function
ω frequency of the external force driver
Ω vorticity vector

irregular and random fluctuations of tiny particles suspended
in a fluid, first noticed by the botanist Robert Brown while
observing a suspension of pollen grains. Einstein provided
an explanation for Brownian motion based on kinetic the-
ory and proceeded to estimate the effective viscosity of the
suspension. There are a number of practical situations where
suspensions of a more general nature than those studied by
Einstein have to be considered. This warrants considering
additional effects that can influence both the dynamics of in-
dividual particles and bulk suspension properties. For exam-
ple, if the suspending medium is sheared, the resulting flow
field influences both the local orientations of the particles
and their relative positions in the medium. Hydrodynamic
interactions among particles, caused by the disturbance that
the presence of each particle produces on its neighbours, is
another factor that becomes important in concentrated solu-
tions with larger volume fraction of particles. Interactions are,
however, neglected in sufficiently dilute suspensions which
are characterised by the limitnl3 � 1 wheren is the number
of particles per unit volume andl is the linear dimension of the
particles. If the particles have electric or magnetic charges,
as in ferromagnetic particles immersed in a ferrofluid, an
external electric or magnetic field can affect the local mi-
crostructure. The shape of the particles is also important; for
example, non-spheres have definite orientation effects unlike
spheres, and spheroids usually behave differently from tri-
axial ellipsoids. A complete knowledge of the rheology of
suspensions, subjected to one or more of these effects, is
desirable in the manufacturing of suspensions of industrial
importance. Determining rheological properties through ex-
periments is prone to many artefacts and instrumental errors
which are difficult to remove, particularly when the particle
size is small. Numerical simulation of rheological properties
is often useful since errors caused by the deficiency of mea-
surement techniques or unavoidable defects in the material
or flow conditions can be minimized in simulations; but this
requires the model and the simulation algorithm to be fairly
accurate. Theoretical models for suspensions which take care
of the various orientational effects are, therefore, important,
both from a theoretical and practical point of view and help in
developing intuition about such problems. There are a num-
ber of studies in the literature incorporating one or more of
these factors, but most of the theoretical work is in dilute
suspensions in Newtonian fluids.

The starting point of most of these investigations is the
classic work of Jeffery[2] that describes the creeping motion
of rigid, non-Brownian spheroids in an incompressible, New-
tonian fluid subjected to a simple shear flow. According to
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