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a b s t r a c t

To date, finite impulse response (FIR) filters have been proposed to estimate linear systems
with white Gaussian noises, but to the best of our knowledge, no solution exists for linear
systems with colored noises. In this paper, we propose a new FIR filter to estimate linear
state-space models with both process and measurement noises through state augmenta-
tion. In addition, we suggest a modified form of the colored-noise FIR filter to deal with
the computational burden and singularity problem. Numerical examples are presented
to describe the effectiveness of the colored-noise FIR filter.

� 2013 Elsevier Ltd. All rights reserved.

1. Introduction

The Kalman filter [1] is a mathematical tool that pro-
vides an effective computational method to estimate the
state of systems which minimizes the mean-squared esti-
mation error. The Kalman filter is known to exhibit poor
performance as well as the divergence phenomenon when
temporary uncertainties are applied to the systems. This is
because the Kalman filter with its infinite impulse re-
sponse (IIR) structure utilizes all past observations accom-
plished by equal weighting and tends to become
accumulated during its implementation [2–4]. As an alter-
native to the Kalman filter, finite impulse response (FIR) fil-
ters [5–14] have been proposed in various engineering
problems such as target tracking, wireless positioning sys-
tems, and control system design. FIR filters utilize only fi-
nite measurements and inputs in the most recent time
interval [k � N;k]. Given their structural characteristics,
FIR filters have bounded input-bounded output (BIBO) sta-
bility and robustness to temporary model uncertainties
and round-off errors.

Despite these advantages of FIR filters, we cannot de-
sign FIR filters for colored-noise systems, because they
are applicable to only white-Gaussian-noise systems. In
real physical systems, the assumption of white noise is in-
valid because of multipath and slow signal propagation. In
many cases, process and measurement noises tend to be
colored. Thus, it is desirable to design a new FIR filter for
colored-noise systems. However, to the best of our knowl-
edge, the FIR filtering problem for colored-noise systems
has never been solved. Thus, it remains unresolved and
challenging.

In this paper, for the first time, we propose a new FIR fil-
ter for linear state-space models with colored process and
measurement noises. In contrast to existing works on FIR
filtering, this work deals with systems with colored noises.
State augmentation is applied to the design of the a new
FIR filter for systems with colored noises. In order to deal
with the computational burden and singularity problem
in colored-noise FIR filtering, we present a modified form
of the proposed colored-noise FIR filter. Through numerical
simulations on the F-404 engine model, we verify the
effectiveness of the proposed approach by comparison
with the Kalman filtering approach for colored-noise sys-
tems [15].
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This paper is organized as follows. In Section 2, a new
solution to the colored-noise FIR filtering problem and its
modified form are proposed for discrete-time state-space
models. In Section 3, numerical examples are presented. Fi-
nally, conclusions are stated in Section 4.

2. Main results

2.1. FIR filter design for linear systems with colored noises

In this subsection, we suppose that colored process and
measurement noises are both static and that they can be
obtained by passing a Gaussian white noise in a dynamic
system. Consider the state-space model

xk ¼ Axk�1 þ Gwk�1;

yk ¼ Cxk þ vk;
ð1Þ

where xk 2 Rn is the state, yk 2 Rq is the output, wk 2 Rp is
the process noise with a covariance matrix Qk, and vk 2 Rl

is the measurement noise with a covariance matrix Rk. wk

and vk are colored noises that have autocorrelations unlike
white noise. In general, a colored noise can be generated by
filtering white noise. We suppose that wk and vk are mod-
eled by the following dynamic systems:

wk ¼ Wwk�1 þ fk�1;

vk ¼ Uvk�1 þ qk�1;

fk � Nð0;Q fÞ;
qk � Nð0;QqÞ;

ð2Þ

where W 2 Rp�p and U 2 Rl�l are state transition matrices.
fk�1 is a white noise with zero-mean, which is not corre-
lated with wk. Likewise, qk�1 is a white noise with zero-
mean, which is also not correlated with vk. Thus, we can
consider that covariances Qk and Rk correspond to

E wkwT
k�1

� �
¼ E Wwk�1wT

k�1 þ fk�1wT
k�1

� �
¼ WQ k�1 þ 0; ð3Þ

E vkvT
k�1

� �
¼ E Uvk�1vT

k�1 þ qk�1vT
k�1

� �
¼ URk�1 þ 0; ð4Þ

respectively. We can see that wk�1 and vk�1 are indepen-
dent of fk�1 and qk�1, respectively. In (3) and (4), we ob-
serve that wk�1 and vk�1 are colored noises. To solve the
discrete-time FIR filtering problem with colored process
and measurement noises, we introduce system augmenta-
tion as follows:

xk

wk

vk

264
375 ¼ A G 0

0 W 0

0 0 U

264
375 xk�1

wk�1

vk�1

264
375þ 0 0 0

0 I 0

0 0 I

264
375 Ik�1

fk�1

qk�1

264
375; ð5Þ

yk ¼ C 0 I½ �
xk

wk

vk

264
375þ 0:

These equations can be represented as

�xk ¼ A�xk�1 þ G �wk�1;

yk ¼ C�xk þ �vk;
ð6Þ

where

�xk ,

xk

wk

vk

264
375; �wk�1 ,

Ik�1

fk�1

qk�1

264
375; �vk�1 , 0; ð7Þ

A ,

A G 0
0 W 0
0 0 U

264
375; C , C 0 I½ �; G ,

0 0 0
0 I 0
0 0 I

264
375:

We obtain a new augmented state-space model having
a new state �x, state transition matrix A, measurement ma-
trix C, process noise �w, and measurement noise �v . The new
noise covariances are

E �wk �wT
k

� �
¼

Ik

fk

qk

0B@
1CA IT

k fT
k qT

k

� �264
375

¼
I 0 0
0 Q f 0
0 0 Qq

264
375 ¼ Q ; ð8Þ

E �vk �vT
k

� �
¼ 0 ¼ R; ð9Þ

On the most recent time horizon [k � N,k], the FIR filter
for the new augmented system (6) is represented as

�̂xkjk�1 ¼
Xk�1

i¼k�N

Hk�iyi ¼ HYk�1; ð10Þ

where H is the gain matrix and Yk�1 is the finite number of
measurements, which are defined as

H , ½HN HN�1 � � � H1�;

Yk�1 , yT
k�N yT

k�Nþ1 � � � yT
k�1

� �T
;

ð11Þ

respectively. Yk�1 can be represented in terms of state and
noises as

Yk�1 ¼ eCNxk�N þ eGNWk�1 þ Vk�1; ð12Þ

where

Wk�1 , �wT
k�N �wT

k�Nþ1 � � � �wT
k�1

� �T
;

Vk�1 , �vT
k�N �vT

k�Nþ1 � � � �vT
k�1

� �T
;

ð13Þ

eC N;
eGN;

eQ N , and eRN are obtained as

eCN,

C

CA

CA2

..

.

CAN�1

266666664

377777775;
eGN,

0 0 � � � 0 0
CG 0 � � � 0 0

CAG CG � � � 0 0
..
. ..

. ..
. ..

. ..
.

CAN�2G CAN�3G � � � CG 0

26666664

37777775; ð14Þ

eQ N, ½diagðQ ;Q ; � � � ;Q
zfflfflfflfflfflfflffl}|fflfflfflfflfflfflffl{N

Þ�;

eRN, ½diagðR;R; � � � ;R
zfflfflfflfflfflffl}|fflfflfflfflfflffl{N

Þ�:

where C;G;Q , and R are obtained by system augmentation.
By using Lemma 4.3 in [16], the gain matrix H of the col-
ored-noise FIR filter can be obtained by the following
correspondences:
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