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Abstract
In this paper, we study blow-up solutions to the Cauchy problem of the inhomogeneous nonlinear
Schrédinger equation

Q,u=i(f()Au+ V f(x) - Vi + k(x)|ul?u)

on T2. We present the.2-concentration property for general initial data and investigateu;he
minimality.
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1. Introduction

Recently, Schrddinger-type equations with variable coefficients have been of considerable
interest among both mathematicians and physicists, and some remarkable progress on the
Cauchy problem has been made, ge€er,11,12,14,15,22,24,28hd references therein for
well-posednesg18,23] for blow-up analysis, anfR5] for Strichartz-type inequalities. In
this paper we consider the followimghomogeneousubic nonlinear Schrdédinger equation
(NLS) on the flat torud? = R?/Z? (i.e., the space-periodic case):

O,u=i(f(x)Au+Vf(x)-Vu+ k(o)|ul?u), (1.2)
together with the initial condition

where f(x) and k(x) are (non-constant) real-valued functions BA. It is easy to see
that the cubic nonlinearity is critical for blow-up in space-dimension two for focusing
inhomogeneous NLS (while|*/V u for space-dimensioN).

When the functiong® = k = 1, the Cauchy problem (1.1)—(1.2) is the normal (homo-
geneous) critical NLS with space dimension two, which has been extensively studied by
many mathematicians. The reader is referred to R&8,27]for acomprehensive review for
both non- and space-periodic cag@s3,13]for the bounded domains case (with Dirichlet
boundary condition), anfll9,20] for recent stunning progress on blow-up analysis. An-
tonini [1] studied thel.2-minimal blow-up solutions o V. He showed the corresponding
L2-concentration property and gave a sharp lower bound of blow-up rate. His argument is
based on the analysis on the local virial identity and the conservation of mass, energy and
momentum.

For general real-valued function&x) andk(x), as in the homogeneous case, one can
easily check that solutions of (1.1)—(1.2) obey conservation of mass and energy as follows:

/ |u(t,x)|2dx=f luo(x)|? dx, (1.3)
-[FZ -[rZ

Ef (1)) = E fx(uo), (1.4)
where

1 1
Epw) =3 fT FOIVu(o)dx — /Tzk(xmt(xn“dx.

Momentum is no longer conserved in this case, however.
We first recall the following existence and uniqueness result for the problem (1.1)—(1.2):

Theorem 0 (Pang et al.[22]). Let so>4 be an integer. Supposg € C*0+1(T?) and
k € C%(T?) are real functions and’ (x) has no zero points. Thegivenug € H%(T?),
the Cauchy probler(l.1)—(1.2)admits a unique local smooth solutiere L°°([0, T), H*°
(T?)). Moreove the solution is global in the sense thate L{2.([0, 00), H*(T?)) pro-
vided f - k<0 or |lug|l .2 is small enough.
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