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Abstract

In this paper, we study periodic solutions of resonance Hamiltonian systems. By combining Conley
index theory and Galerkin approximation method, we prove the existence of periodic solutions of
Hamiltonain systems where both the Palais–Smale condition and the strong resonance method fail.
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1. Introduction

In this paper we study 1-periodic solutions of the following Hamiltonian system

ż = JH ′(t, z), (1.1)

whereH ′(t, z) denotes the gradient ofH(t, z) with respect to thezvariable,

J =
(
0 −IN
IN 0

)

is the standard 2N ×2N symplectic matrix, andN is a positive integer.We denote by(x, y)
and|x|, the usual inner product and norm inR2N , respectively. We assume the following
conditions forH.
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(H1) H ∈ C2([0,1] × R2N,R) is a 1-periodic function int, and satisfies

|H ′′(t, z)|�a1|z|s + a2, ∀(t, z) ∈ R × R2N, wheres ∈ (1,∞), a1, a2>0;

(H2) |H ′(t, z) − B∞(t)z| is bounded for all(t, z) ∈ R × R2N ;
(H3) |H ′(t, z) − B0(t)z| = o(|z|) as|z| → 0 uniformly in t.

HereB0(t) andB∞(t) are 2N × 2N symmetric matrices, continuous and 1-periodic int.
Condition (H2) implies that system (1.1) is an asymptotically linear Hamiltonian system.
The existence of periodic solutions of (1.1) has been studied by many authors (cf.

[1–6,8–20]and the references therein). When (H2) holds, there are mainly two type condi-
tions on

G∞(t, z) = H(t, z) − 1
2(B∞(t)z, z).

One type is the Landesman–Lazer-type condition, i.e.,

G∞(t, z) → ±∞ as |z| → +∞. (1.2)

In this case, the Palais–Smale condition is satisfied. Many variational methods can be used
to find periodic solutions of (1.1) (cf.[16,5,15]). Another type is the strong resonance
condition, i.e.,

G∞(t, z) → 0, G′∞(t, z) → 0 as|z| → +∞. (1.3)

In this case, thePalais–Smale condition fails. But one canapply the strong resonancemethod
developed by Chang[5] to get the periodic solutions (cf.[4,11,6]).
In this paper we shall study the existence of 1-periodic solutions of system (1.1) in cases

that both the Palais–Smale condition and the strong resonance method fail. We assume the
following conditions forG∞(t, z).

(H4±) There existc1, c2>0,L>0 and�>0 such that for|z|�L

±(G′∞(t, z), z)�c1/|z|�; |G′∞(t, z)||z|�c2|(G′∞(t, z), z)|.

According to[8,14,13], for a given continuous 1-periodic and symmetric matrix function
B(t), one can assign a pair of integers(i, n) ∈ Z × {0, . . . ,2N} to it, which is called the
Maslov-type index ofB(t). We denote by(i0, n0) and(i∞, n∞) the Maslov-type indices of
B0(t) andB∞(t) respectively. Our first result reads as:

Theorem 1.1. Suppose that H satisfies(H1)–(H3).Then system(1.1)possesses a nontrivial
1-periodic solution if one of the following two cases occurs:

(i) (H4+) andi∞ + n∞ /∈ [i0, i0 + n0].
(ii) (H4−) andi∞ /∈ [i0, i0 + n0].

Remark 1.2. (1) The Palais–Smale condition may not be satisfied in Theorem 1.1. One
can see examples in Section 4 for more details.
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