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This study reports the case of a patient (AG) whose main calculation problem was with multiplication that
was severely affected at all levels including that of conceptual knowledge. In contrast AG’s problems with
addition, subtraction and division were much less conspicuous and just involved the use of procedures.
For all these latter operations, and for division in particular, conceptual knowledge was spared. Despite
his procedural problems, AG in fact was fully aware that division consists of finding out how many
times a given quantity is contained in another quantity. Thus while he was able to reach the correct

f\(ﬁ' m‘;q?csénon results for division by subtracting the divisor from the dividend, he never used the reverse strategy to
Division complete multiplication operations, i.e. add the number for as many times as the multiplier to complete
Dementia the operation, and showed no awareness that this was what multiplying means, even when explicit

suggestions were made by the examiner.
The existence of AG’s case could not be expected on the basis of theories holding that division depends
on multiplication and that is not separately represented in semantic memory. It follows, therefore, that

Dyscalculia

the extent to which division depends on multiplication needs to be reconsidered.

Crown Copyright © 2011 Published by Elsevier Ltd. All rights reserved.

1. Introduction

This neuropsychological study represents a contribution to
the understanding of the relationship between multiplication and
division. Does the latter depend on the former? The extent to
which division and multiplication are interdependent has been
first specifically and extensively investigated in non brain-damaged
populations within experimental as well as developmental psy-
chology. One possibility is that corresponding problems in the two
operations are represented and retrieved as independent facts in
memory. Supporting this hypothesis, earlier studies by Rickard
and co-workers found little transfer of practice between multi-
plication and division (Rickard & Bourne, 1996; Rickard, Healy, &
Bourne, 1994). If transfer of practice measures strengthening of
retrieval processes, this negative result implies that performance
of corresponding division and multiplication does not depend on
common retrieval processes. On the basis of these findings, Rickard
and co-workers proposed a model (extended in Rickard, 2005)
that mainly suggests that problems that have the same operands
are represented by a common node. For each triplet of numbers
that are related by complementary multiplication and division
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problems (e.g. 4, 7, 28), there are three independent fact repre-
sentations in memory: (4, 7, X)— 28; (28/7)— 4; and (28/4) — 7.
Large division problems may notbe directly retrieved from memory
representations, however, and may be reframed as the correspond-
ing multiplication to obtain the answer (Rickard, 2005). Similar
conclusions were reached by other studies. LeFevre and Morris
(1999) found that when people solved simple multiplications (e.g.
8 x 7) and the corresponding division problems (e.g. 56/8), latency
patterns and error rates were closely related across operations.
The solution of division problems, however, facilitated the solu-
tion of multiplication problems more than the reverse. Moreover,
large division problems (e.g. 56/8) were “re-cast” as multiplica-
tion problems, i.e. in the form of 8 x ?=56. While these results
support the hypothesis that at least simple multiplication and divi-
sion are stored in separate mental representations, the solution
of difficult division problems would sometimes involve access to
multiplication (on this point see also Mauro, LeFevre, & Morris,
2003). Campbell (1997, 1999) also found evidence that perfor-
mance of simple division involved multiplication. In particular he
found that reaction times were highly correlated for corresponding
division and multiplication problems (Campbell, 1997); further-
more, error characteristics indicated parallel retrieval structures.
However, since he found division to multiplication priming but
not multiplication to division priming, Campbell (1997) suggested
that, while the performance of corresponding division and mul-
tiplication problems involves separate memory representations,
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participants in his experiment frequently used multiplication as
a check after direct retrieval of the quotient. Thus, Campbell (1997)
outlined two possible alternative hypotheses for the representa-
tion of multiplication and division knowledge. In the first “common
representation” hypothesis, he suggested that a single network
exists that is accessed differentially according to the specified oper-
ation. In the second “independent representation” hypothesis, he
suggested that two separate mental networks exist, one for each
operation. It must be noticed that children apparently rely initially
on their knowledge of addition and multiplication to solve division
(Geary, 1994; Siegler, 1988).

In summary, the above reported studies do not provide univo-
cal indications about whether division depends on multiplication.
Moreover, most of these studies concerned arithmetical facts and,
in particular, do not tell anything about the representation of divi-
sion and multiplication in conceptual knowledge. Evidence from
neuropsychology and cognitive neuroscience may help addressing
and clarifying these issues.

After brain damage, mathematical operations may be selectively
impaired or spared for a number of reasons and impairment or
sparing of a single type of operation may, therefore, result from
deficits affecting different aspects of processing (see for reviews
Butterworth, 1999; Cipolotti & van Harskamp, 2001; Noél, 2001;
Semenza, Grana, & Girelli,2006; Semenza, 2008; Ward, 2010). Thus,
for example, multiplication may be affected by loss of tables, loss of
specific procedures, etc. Additionally, loss of multiplication proce-
dures, i.e. the sequences of steps necessary to perform multi-digit
operations, may result either from faulty knowledge of some spe-
cific aspect of the operation (i.e. carrying, or the spatial lay-out
required for a complex written operation) or from the inability to
monitor intermediate steps to the end (Grana, Hofer, & Semenza,
2006; Semenza, Miceli, & Girelli, 1997).

Within this picture, neuropsychological reports on division are
relatively scarce. Clinical investigations of mathematical skills often
ignore the assessment of division altogether; likewise, single case
reports of dissociation among operations most often do not even
consider division (see, for this specific issue, a review by Cipolotti &
van Harskamp, 2001). One (intuitive) reason is that division is gen-
erally regarded as the hardest of the four basic operations, the one
that many adults have forgotten how to perform. It should not come
as asurprise, therefore, if, following brain damage, division appears
impaired, for whatever reason, including the fact that brain injured
people may simply lack adequate resources to carry out such a com-
plex task. Neuropsychological studies on division, however, may
be more revealing than generally thought. In particular they may
highlight the relation between division and multiplication.

Some data favour the idea of independent stores and process-
ing. Thus Cipolotti and de Lacy Costello (1995) reported the case of
a patient (CB) with a selective deficit in performing division. They
argued (see also Cipolotti & van Harskamp, 2001) that this find-
ing is more consistent with models whereby each operation has its
distinct routine or store (e.g. Dagenbach & McCloskey, 1992), than
with a model like that proposed by Dehaene and Cohen (1995),
that, although not overtly claiming complete interdependency,
makes no explicit assumptions about completely independent
memory stores for different arithmetic operations. However, selec-
tive impairments of division can easily be explained with the
assumption that division is just harder than other operations. In
fact, in schools divisions are taught last and less systematically
than other operations (Lucangeli, Tressoldi, Bendotti, Bonanomi, &
Siegel, 2003). While, for instance, multiplication tables are taught
for years, a comparable task is later never given to train children to
acquire skills in division.

The idea that divisions are separately stored in long-term
memory and independently processed finds little support in
other neuropsychological findings that have clearly shown how

divisions are answered by reference to related multiplication prob-
lems (e.g. Delazer et al., 2004; Girelli, Delazer, Semenza, & Denes,
1996; Hittmair-Delazer, Semenza, & Denes, 1994). Thus, for exam-
ple, patient BE (Hittmair-Delazer et al., 1994) presented parallel
loss and preservation for corresponding multiplication and divi-
sion problems. When rehabilitated for multiplication, the benefit
transferred to division (see Girelli et al., 1996, for similar results in
other patients). These data led the authors to conclude that BE’s
division performance depended on the availability of the corre-
sponding multiplication fact (note that BE’s conceptual knowledge
was intact, as shown by Hittmair-Delazer et al., 1994).

Congruently with these latter findings, dissociating impair-
ments between the operations of division and multiplication, with
sparing of the former, are deemed impossible as division is said
to be dependent on intact multiplication abilities. Indeed, thus far,
this type of dissociation has never been described, and the general
intuition is that, for most people, carrying out division does depend
on knowing multiplication (Butterworth, 1999). Recently a single
case has been reported who showed a combination of calculation
procedure impairments that left the procedures involved in divi-
sion intact but affected all other operations (Chiarelli, Menichelli,
Zadini, & Semenza, 2011). Conceptual knowledge was spared for
both multiplication and division, however. The nature of this deficit,
therefore, does not provide evidence in support of the concep-
tual independence of division from multiplication. Thus, to date
no evidence has been provided that might support the possibility
of a selective loss of conceptual knowledge for multiplication in
the presence of preserved conceptual knowledge for division, in a
context of otherwise intact semantic and calculation abilities.

Neuroimaging studies do not help clarifying the issue. An fMRI
study by Ischebeck, Zamarian, Schocke, & Delazer (2009) compared
division problems related to multiplication (transfer condition) to
unrelated division problems (no-transfer condition). Overall, no
significant differences were observed. A significant transfer effect
was found within the left angular gyrus, a brain area involved in
the retrieval of arithmetical facts. According to the authors this
pattern of findings seemed to suggest that newly acquired mul-
tiplication fact knowledge may be recruited for the solution of
unknown division problems. This fact knowledge might be either
used directly in finding the solution, or used to check the correct-
ness of the division result in a subsequent step: a decision between
these two possibilities cannot be easily made. Ischebeck et al. rec-
ognized that their findings are compatible with models that posit
independent fact representations for corresponding multiplication
and division. Importantly, distinct inter-individual differences with
regard to transfer were detected.

In summary, both investigations in normal participants and neu-
ropsychological findings show how the relation between mental
processes involved in, respectively, multiplication and division is a
very complex one, and depends on the processing level required by
each given task. The present study contributes to the understand-
ing of such relation by reporting the case of a patient, AG, affected
by a progressive brain disease, who in the early stage of cogni-
tive decline showed relative sparing of conceptual knowledge for
division contrasting with an extremely severe, across the board,
impairment of multiplication.

2. Case report
AG!, a highly educated man with a Bachelor degree in com-

merce and a Master degree in accountancy, aged 53 at time of this
study, was referred aged 51, in 1996 because of difficulties with

! The patient’s initials have been changed to protect his anonymity.
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