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h i g h l i g h t s

• A type of coupled continuous time random walk model is considered.
• The asymptotic behaviors of the coupled jump PDF are discussed.
• The corresponding fractional diffusion equations are derived.
• The asymptotic behaviors of the PDF of the waiting time are discussed.
• The asymptotic behaviors of the conditional PDF of the jump length are discussed.
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a b s t r a c t

In this paper, we consider a type of continuous time random walk model where the
jump length is correlated with the waiting time. The asymptotic behaviors of the coupled
jump probability density function in the Fourier–Laplace domain are discussed. The corre-
sponding fractional diffusion equations are derived from the given asymptotic behaviors.
Corresponding to the asymptotic behaviors of the joint probability density function in the
Fourier–Laplace space, the asymptotic behaviors of the waiting time probability density
and the conditional probability density for jump length are also discussed.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

The continuous time randomwalk (CTRW) theory, which was introduced in the 1960s byMontroll andWeiss to describe
a walker hopping randomly on a periodic lattice with the steps occurring at random time intervals [1], has been applied
successfully in many fields (see, e.g., the reviews [2–4] and references therein).

In a continuum one-dimensional space, the CTRW scheme is characterized by a jump probability density function (PDF)
ψ(x, t), which is the probability density that the walker makes a jump of length x after some waiting time t . Let P(x, t) be
the PDF of finding the walker at a given place x and at time t with the initial condition P(x, 0) = δ(x). A CTRW process can
be described by the following integral equation [3]:

P(x, t) =


+∞

−∞

dx′

 t

0
ψ(x − x′, t − t ′)P(x′, t ′)dt ′ + δ(x)Φ(t), (1)
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where Φ(t) = 1 −
 t
0 ϕ(τ)dτ is the probability of not having made a jump until time t and ϕ(t) =


+∞

−∞
ψ(x, t)dx is the

waiting time PDF.
Fractional diffusion equations (FDEs) arise quite naturally as the limiting dynamic equations of CTRW models with

temporal and/or space memories [5]. The asymptotic relation between the CTRW models and the fractional diffusion
processes was studied firstly by Balakrishnan in 1985, dealing with the anomalous diffusion in one dimension [6]. Later,
many authors discussed the relation between CTRW and FDEs [3–5,7–19]. However, the usual assumption in most of these
works is that the CTRW is decoupled, which means that the jump lengths and the waiting times are independent. Recently,
coupled CTRWmodels have attractedmore attention [20–25]. Here,we focus on coupled CTRWmodelswith the jump length
correlated with the waiting time [25], i.e. ψ(x, t) = ϕ(t)λ(x|t), and derive the corresponding FDEs from the asymptotic
behaviors of the waiting time PDF ϕ(t) and the jump PDF ψ(x, t) in the Fourier–Laplace space.

This paper is organized as follows. In Section 2, we introduce a space–time fractional diffusion equation which can be
obtained from the standard diffusion equation by replacing the first-order time derivative and/or the second-order space
derivative by a Caputo derivative of order α ∈ (0, 2] and/or a Riesz derivative of order β ∈ (0, 2], respectively. In Section 3,
the asymptotic behaviors of the jump PDF ψ(x, t) in the Fourier–Laplace domain are given and the corresponding FDEs are
derived. In Section 4, corresponding to the asymptotic behaviors of the jump PDF ψ(x, t) in the Fourier–Laplace domain,
the asymptotic behaviors of the waiting time PDF ϕ(t) and the conditional PDF of the jump length λ(x|t) are discussed. In
Section 5, some conclusions are presented.

2. The space–time fractional diffusion equation

We consider a space–time FDE [10]

C
0D

α
t u(x, t) = K

∂βu(x, t)
∂|x|β

, x ∈ R, t > 0, (2)

where u(x, t) is the field variable, K is the generalized diffusion constant and the real parameters α, β are restricted to the
range 0 < α ≤ 2, 0 < β ≤ 2.

In Eq. (2), the time derivative is the Caputo fractional derivative of order α, defined as [26]

C
0D

α
t g(t) =


1

Γ (n − α)

 t

0

g(n)(τ )dτ
(t − τ)α+1−n

, n − 1 < α < n,

g(n)(t), α = n ∈ N,
(3)

and the space derivative is the Riesz fractional derivative of order β , defined as [27]

dβ

d|x|β
f (x) =


Γ (1 + β)

sin(βπ/2)
π


+∞

0

f (x + ξ)− 2f (x)+ f (x − ξ)

ξ 1+β
dξ, 0 < β < 2,

d2f (x)
dx2

, β = 2.
(4)

Let

f (k) = F {f (x)} =


+∞

−∞

f (x)eikxdx (5)

be the Fourier transform of f (x) and

g(s) = L{g(t)} =


+∞

0
g(t)e−stdt (6)

be the Laplace transform of g(t).
Now, let us recall the following fundamental formulas about the Laplace transform of the Caputo fractional derivative of

order α and the Fourier transform of the Riesz fractional derivative of order β:

L{
C
0D

α
t g(t)} = sαg(s)−

n−1
m=0

sα−1−mg(m)(0), n − 1 < α ≤ n, (7)

F


dβ

d|x|β
f (x)


= −|k|βf (k). (8)

After applying the formula (7), in the Laplace space, the space–time FDE (2) appears in the form

sαu(x, s)− sα−1u(x, 0) = K
∂βu(x, s)
∂|x|β

(9)
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