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h i g h l i g h t s

• We presented the nonlinear-map model for the airplane schedule.
• We studied the control and dynamics of the air transportation.
• We clarified the dependence of the airplane schedule on good quantity and control method.
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a b s t r a c t

We study the dynamics and control of an airplane in air transportation between two air-
ports. The dynamic models are presented for the airplane schedule. The dynamics of an
airplane is described by the piecewise map and delayed map models. The characteristics
of the nonlinear maps are studied analytically and numerically. The airplane displays the
complex motion in the unstable region. The motion of the airplane depends on the quan-
tity of goods, the control method, and the delay. It is shown that the control delay has an
important effect on the motion.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

Recently, transportation systems have attracted much attention among physicists. Though traffic systems include many
factors, physicists have proposed simplified trafficmodels including a few factors atmost to clarify the cause and effect [1–7].
The physical traffic theory is an example of a highly quantitative description for a living system despite the complexity of
traffic [8–17]. The concepts and techniques of physics are being applied to the traffic systems. The traffic models have been
extended to take into account the traffic interruption and forecast effect by Tang et al. [18–21]. The vehicular traffic model
has been extended to bus transportation. The traffic flow with bus stops has been studied by Tang et al. [22,23].

The traffic flow with many vehicles is a self-driven many-particle system. The jamming transitions and complex behav-
iors occur due to the many-body effect. However, the complex behavior appears due to the nonlinearity even in the traffic
system with a single vehicle or a few vehicles. For example, the complex motion of buses is induced by the nonlinear inter-
actions between buses and passengers in the shuttle bus transportation. The bus schedule is closely related to the nonlinear
dynamics [24,25]. Also, elevator traffic has been investigated from the point of view of nonlinear dynamics [26–32].

Air transportation is similar to the shuttle bus or elevator traffic. However, air transportation has not been studied from
the point of view of nonlinear dynamics. There are few dynamic models to predict the dynamic behavior of the airplane
controlled by thewaiting time. The airplane schedule is closely related to the dynamic behavior. It is important andnecessary
to know the dynamic behavior of the airplane transportation system. The airplane transportation system will be described
by the nonlinearmapmodel. The nonlinearmapmodel will also be interesting from the point of view of nonlinear dynamics
and chaos [33,34].

∗ Tel.: +81 478 1048; fax: +81 478 1048.
E-mail addresses: tmtnaga@ipc.shizuoka.ac.jp, wadokeioru@yahoo.co.jp.

0378-4371/$ – see front matter© 2013 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.physa.2013.08.076

http://dx.doi.org/10.1016/j.physa.2013.08.076
http://www.elsevier.com/locate/physa
http://www.elsevier.com/locate/physa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physa.2013.08.076&domain=pdf
mailto:tmtnaga@ipc.shizuoka.ac.jp
mailto:wadokeioru@yahoo.co.jp
http://dx.doi.org/10.1016/j.physa.2013.08.076


6546 T. Nagatani / Physica A 392 (2013) 6545–6553

Fig. 1. Schematic illustration of air transportation. The airplane shuttles repeatedly between two airports A and B. Goods are loaded at airports A and B.
Goods loaded at airport A (B) are unloaded at airport B (A).

In this paper, we study the dynamic behavior of the airplane transportation system controlled by waiting time synchro-
nizing the quantity of goods (or passengers). We propose the nonlinear map model describing the airplane transportation
system.We investigate the complexmotion of the airplane.We show the dependence of the dynamicmotion on the quantity
of goods, the control method, and the delay.

2. Nonlinear map models

We consider the service of an airplane shuttling repeatedly between two airports A and B.We present the dynamicmodel
which mimics the air transportation system. Fig. 1 shows the schematic illustration of air transportation. Passengers board
the airplane at airport A and goods are loaded on the airplane at the same time. Then, the airplane moves from airport A
to airport B. When the airplane arrives at airport B, all currently riding passengers leave the airplane. At the same time,
all goods loaded at airport A are unloaded. After the airplane is empty, passengers waiting airport B board the airplane. At
the same time, goods at airport B are loaded on the airplane. Then, the airplane moves from airport B to airport A. When
the airplane arrives at airport A, all currently riding passengers leave the airplane and at the same time, all goods loaded
at airport B are unloaded. After the airplane is empty, it stops at airport A in order to adjust the time schedule. Also, the
airplane stops at airport A for a constant time for maintenance. If the operator cannot adjust the stopping time at airport A
successfully, maintenance is omitted. Thus, the operator controls the time schedule for the air transportation system.

Furthermore, we assume that the time it takes to load the goods on the airplane is longer than the time it takes to board
the passengers.

We describe the dynamic model of the airplane system in terms of the nonlinear map. First, we present the model for
the simple case in which goods are loaded on the airplane only at airport A and there are no goods at airport B. We define
the quantity of goods as PA(n) when the airplane arrives at airport A and trip n. One loads goods PA(n) on the airplane at
airport A and trip n. When the airplane arrives at airport B, all goods PA(n) are unloaded from the airplane. We assume that
the time it takes to load goods on the airplane is proportional to the quantity of goods. Then, the amount of time uploading
all goods onto the airplane is given

γ PA(n),
where γ is the time it takes to load one piece of goods onto the airplane. Similarly, the amount of time unloading all goods
from the airplane is given by

βPA(n),
where β is the time it takes to unload one piece of goods from the airplane.

If the boarding time of passengers is longer than that of goods, the boarding time is the number of passengers. In this
model, the passenger’s individual properties are not taken into account for simplicity. It is important to account for the
individual properties of passengers. Tang et al. have studied the effect of the passenger’s individual properties on the traffic
flow [35,36]. Also, Tang et al. have proposed the aircraft boarding model [37,38]. In future work, it will be necessary to
consider the detailed properties of passengers.

Themoving time of the airplane is 2L/V where L is the distance between two airports and V is themean speed of airplane.
We define the stopping time at airport A and trip n for the maintenance and time adjustment as SA(n). The tour time equals
the sum of these periods. Then, the arrival time t(n + 1) of the airplane at trip n + 1 is given by

tA(n + 1) = tA(n) + (γ + β)PA(n) +
2L
V

+ SA(n). (1)

The quantity PA(n) of goods at airport A and trip n is proportional to the tour time 1tA(n) (=tA(n) − tA(n − 1)). The tour
time is longer, the quantity of goods increases. The quantity is given by

PA(n) = µ1tA(n), (2)
where µ is the rate of goods arriving at airport A.
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