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infinitely many efficient solutions by solving a finite number of single objective problems. The proposed
procedure is applied on radiotherapy for cancer treatment.
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1. Introduction

Decision making under a set of conflicting objectives is a
common scenario in real life. Usually there exists a trade-off
between objectives such that an ideal solution, one in which all
objectives are optimised simultaneously, does not exist. Instead,
we seek a set of solutions in which no objective can be improved
without impairing at least one of the other objectives. These
solutions are known as efficient solutions. Therefore, solving an
optimisation problem considering multiple objectives requires
finding all efficient solutions or finding the entire set of non-
dominated points (the images of the efficient solutions) in outcome
space. In this paper, we adopt the latter interpretation. For a
comprehensive exposition of multi-objective optimisation, see [3].

During the last decades, substantial efforts have been made to
develop strategies to solve multi-objective optimisation problems.
In this paper we address such problems in which all the objectives
are positively homogeneous (PH) functions, where a function f :
R"™ — Ris positively homogeneous if f (Ax) = Af (x) forallA > 0
and all x € R™. For convenience we also assume that f(0) = 0.

* Corresponding author at: Department of Engineering Science, University of
Auckland, New Zealand. Tel.: +64 0279234275.
E-mail addresses: guillermo.cabrera@ucv.cl, gcab623@aucklanduni.ac.nz
(Cabrera G.), m.ehrgott@lancaster.ac.uk (M. Ehrgott), a.mason@auckland.ac.nz
(A. Mason), a.philpott@auckland.ac.nz (A. Philpott).

http://dx.doi.org/10.1016/j.0rl.2014.04.007
0167-6377/© 2014 Elsevier B.V. All rights reserved.

In this section we first define the problem that is addressed
in this paper, which we term the positively homogeneous multi-
objective optimisation problem (PHMOP). Then we reduce the
PHMOP with p objectives to a PHMOP with (p — 1) objective
functions. The special case when p = 2 is highlighted. Finally, we
present a procedure that allows us to solve the original p-objective
PHMOP by solving the reduced (p — 1)-objective PHMOP.

The PHMOP can be stated as follows:

PHMOP: minimise f(x),
XeRM

where x € R" is a vector of n decision variables x;,i = 1,2, ..., n,
and f is a vector of p objective functions fy, k = 1, 2, ..., p, each of
which is positively homogeneous. To ensure PHMOP is well posed,
we require that there is some x, k and [ with fi(x) and f;(x) having
opposite signs.

Throughout the paper we will use the following notation for the
comparison of vectors. Let y', y* € RP. We write y! < y? ify] < y2
forallk =1,...,p;y' <y?ify' <y?buty! £y? andy! < y?if
y} <yiforallk =1,...,p.Wesaythaty' € RP dominatesy* € RP
ify! < y?. Asolution € R" is called an efficient solution of PHMOP
if there is no x € R" where f(x) dominates f (X). In this case f (x)
is called a non-dominatedpoint of PHMOP. We let X; denote the set
of all efficient solutions of PHMOP and denote the set of all non-
dominated points as Yy := f(Xg). Clearly for any efficient solution
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X € Xg of PHMOP with f(X) # 0 we must have fi(x) < 0 < fi(})
for some k and L.

Proposition 1. If X is an efficient solution of problem PHMOP, then
AX is an efficient solution of PHMOP for all A > 0.

Proof. Since f is a vector of positively homogeneous functions we
have f (AX) = Af(X) for all . > 0. Now, suppose that there exists a
vector x € R" such that f (x) < f(AX). Then

1 _l <l 8 = F&
f()\x> = Xf(x) = Xf( X) = f(X),

a contradiction. 0O

It follows from Proposition 1 that we can obtain an infinite
number of non-dominated points of PHMOP for each non-
dominated point found when solving a new problem in which one
objective has its value fixed. For ease of notation, we assume that
the p’'th objective is fixed (with the objectives being renumbered,
if required), giving a new problem PHMOP,(t) with a constraint
fo(x) = t for some (feasible) t € R in which we optimise over
the remaining p — 1 objective functions fi, k = 1,2,...,p — 1.
By t being feasible we mean that there is some x € R" such that
fo(x) = t. To formally define PHMOP,(t) we denote its vector of
objective functions as f'(x) = (fi(x), (%), ..., f—1(x)), giving:

PHMOP,(t) :
minimise f’(x)
XeRM
subject to f,(x) = t.

Each efficient solution X of PHMOP,(t) defines a set of infinitely
many efficient solutions X = {Ax : A > 0} C X; of PHMOP. We
consider the special case of p = 2 next.

Corollary 1. For p = 2 there exists ', 7> € R? with 1 > 0 and
J1 < Osuchthat Yy € {0} U {A9" : & > 0} U {A3? : 1 > 0O}
Proof. If Yy is empty or Yy = {0}, then the result is true (for any
choice of §!, $?). If there is a non-dominated point § # 0 with
71 > Othenlet§' = J; otherwise let ' = (1, —1). If there is
a non-dominated point § with §; < 0 then let §? = J; otherwise
let > = (—1, 1). Now choose any elementy € Yy withy # 0. If
y1 > 0theny must lie in {Aj' : A > 0}. Otherwise it would either
dominate a point in {Ay' : A > 0} contradicting Proposition 1, or
be dominated by a point in {AJ! : A > 0}, contradictingy € Yy.
Similarly if y; < O then y must lie in {AJ? : A > 0}; otherwise it
would either dominate a point in {Aj? : A > 0} or be dominated
by a point in {Aj? : A > 0}. This proves the result. O

According to Corollary 1, the entire set of non-dominated points
of multi-objective optimisation problem PHMOP with p = 2 is de-
termined by optimal solutions of two single-objective optimisation
problems PHMOP, (t) witht = t; < 0Oandt = t, > 0. To find ef-
ficient solutions for the constrained multi-objective optimisation
problem PHMOP,(t) in the case p > 2, we propose a procedure
based on the well-known e-constraint method [7]. This method at-
tempts to find an efficient solution by minimising one of the orig-
inal objectives, while the remaining objectives are transformed to
constraints. This gives rise to single-objective constrained optimi-
sation problems of the form:

PHMOP, ;(t, ¢) :
minimise fj(x)
XeRM
subject to f,(x) =t
fix) < g fork=1,..

k 7 j,

Lp—1

wherej € {1,2,...,p—1},ande € RP~!isavectorof p—1bounds.
Note that the j’th element of ¢, ¢;, is not used by PHMOP, ;(t, ¢),
but is assumed to exist as this simplifies the development of Algo-
rithm 1 presented below.

Proposition 2. Let f be a vector of positively homogeneous functions
fiok = 1,...,p. If % is an optimal solution of problem
PHMOP, ;(t, €) then AX with A > 0 is an optimal solution of problem
PHMOP, j(At, Ae).

Proof. Since f is a vector of positively homogeneous functions we
have fi(AX) = Afi(®) < Ageforallk = 1,...,p— 1,k # |
and f,(AX) = Af,(X) = At, so that AX is feasible for problem
PHMOP, ;(At, A¢).

Now, suppose there exists x € R" that is feasible for PHMOP,, ;
(At, Ae) such that

fix) < f(1%)

for somej. Then /i is a feasible solution for problem PHMOP, ;(t, ¢)
and

X 1 R R
f (X) < 508 = 0.

Hence & is not an optimal solution of PHMOP, (t, ¢), a contradic-
tion. O

It is well known that any optimal solution X of PHMOP, ;(t, &)
is at least a weakly efficient solution of PHMOP, (t) (there is no x
such that f/(x) < f’(x)) and that if X is a unique optimal solution
of PHMOP,;(t, ¢) then it is an efficient solution of PHMOP,(t).
Moreover, each efficient solution of PHMOP,(t) is also an optimal
solution of PHMOP, ;(t, ¢) with appropriately chosen j and e. For
more details on the e-constraint method see, e.g. [3].

To identify efficient solutions of PHMOP,(t) we solve
PHMOP, ;(t, &) for different j with a variety of vectors of bounds
& € RP™!, To this end we first estimate the range [y, ux] of val-
ues that objective f; takes over efficient solutions of PHMOP,(t).
The exact ranges of values are defined by the ideal point yf( =
min{f(x) : x € R", f,(x) = t} and nadir point yﬁ’ = max{fy(x) :
x is an efficient solution of PHMOP, (t)}. So we set [, = YL- Unfor-
tunately, y" is very difficult to compute and usually not available,
see e.g. [5], and so we suggest the following heuristic approach
based on lexicographic optimisation. Let /7 denote the set of all
permutations of {1, ..., p — 1}. For a specific permutation 7 € IT
we denote its k'th element by 7 (k). Lexicographic optimisation
chooses a permutation 7z of objectives and optimises them sequen-
tially. First f(1)(x) is optimised over x € R" subject to f,(x) = t.
Then, fr(2)(x) is optimised over x € R" subject to f,(x) = t and
an equality constraint on the optimal value of f (1) (x). This process
continues until an optimal solution of f;—1)(x) is obtained, giv-
ing a final solution we denote X”. It is clear that X™ is an efficient
solution of PHMOP,(t). We then set

u == max {fi ) : v € I} . (1)

Clearly, uy < yy.Moreover, for p = 2, uy = y} (see e.g. [5]).
Having found [l;, u;] for each objectivej € {1,...,p — 1}, we
create a set of (typically equally spaced) points X; = {le, X2, ...,

x})(l‘} over [l;, u;] for each j. For each objectivej = 1,2,...,p — 1,
we then form a grid of points over the other objectives, giving
& = X; x X3 x --+ x Xj_1 x {00} x Xj1q1 X .-+ x Xp_1, where
each ¢ € & can serve as a vector of bounds in PHMOP, ;(t, ¢).
(Note that ¢; is initially unused, but the & = oo value will be
updated subsequently.) We then solve PHMOP, (¢, &) for each
& € &;. As mentioned before, an optimal solution of this problem
could be weakly efficient rather than efficient. To ensure that an
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