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a b s t r a c t

A d-arc-dominateddigraph is a digraphDofminimumout-degree d such that for every arc (x, y)ofD, there
exists a vertex u of D of out-degree d such that (u, x) and (u, y) are arcs of D. Henning and Yeo [Vertex
disjoint cycles of different length in digraphs, SIAM J. Discrete Math. 26 (2012) 687–694] conjectured that
a digraph with minimum out-degree at least four contains two vertex-disjoint cycles of different length.
In this paper, we verify this conjecture for 4-arc-dominated digraphs.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

Our notations mainly follow that of Bang-Jensen and Gutin [3].
In a digraph, a cycle of length one is a loop and a cycle of length
three is called a triangle. All digraphs contained in this paper can
have loops and cycles of length two but no parallel arcs. A digraph
without cycles of length at most two is called an oriented digraph,
and a digraph without loops and parallel arcs is called a strict di-
graph.

Let D = (V (D), A(D)) denote a digraph, its order is |V (D)|. Let
x, y ∈ V (D), if there is an arc from x to y, then we write x → y and
say x dominates y. Given a subset X of V (D), the sub-digraph of D
induced byX is the digraphD[X] := (X, A′), whereA′ is the set of all
arcs in A(D) that start and end in X . Two sub-digraphs D1 and D2
of D are disjoint if their vertex sets are. If X and Y are two disjoint
subsets of V (D) or sub-digraphs of D such that every vertex of X
dominates every vertex of Y , then we say that X dominates Y , de-
noted by X → Y . Furthermore, X  Y denotes the property that
there is no arc from Y to X . If the set X is composed of only one
vertex v we simply say that v dominates Y . The set Y is dominated
if there exists a vertex dominating it. The set X dominates a sub-
digraphD′ ofD if it dominates its vertex set V (D′). We use a+(X, Y )
to denote the number of arcs from X to Y , and a−(X, Y ) denote the
number of arcs from Y to X .

For every vertex v ∈ V (D), let N+

D (v) := {u ∈ V (D)|v → u} be
the out-neighborhood of v in D, namely, the set of vertices domi-
nated by x inD, and let d+

D (v) = |N+

D (v)|be the out-degree of v inD.
Similarly, the in-neighborhood of x inD is denoted byN−

D (v), which
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is the set of vertices dominating v in D, and let d−

D (v) = |N−

D (v)|
be the in-degree of v in D. The minimum out-degree and the min-
imum in-degree of D are defined by δ+(D) = min{d+

D (v) : v ∈

V (D)} and δ−(D) = min{d−

D (v) : v ∈ V (D)}, respectively. A di-
graph D is k-regular if, for any x ∈ V (D), d+

D (x) = d−

D (x) = k. A
path or a cycle of D always means a directed path or a directed cy-
cle of D. If C = x1x2x3 . . . xrx1 is a cycle in D, then C[xi, xj] denotes
the path xixi+1 . . . xj along the direction of C , where all indices are
taken modulo r . In particular, if i = j, then C[xi, xj] denotes the
empty path with vertex xi. A d-arc-dominated digraph is a digraph
D ofminimumout-degree d such that for every arc (x, y) of D, there
exists a vertex u of D of out-degree exactly d such that (u, x) and
(u, y) are arcs of D.

A tournament T is a digraph T such that for any two distinct ver-
tices x and y, exactly one of the couples x → y and y → x is an arc
of T . The following conjecture, due to Bermond and Thomassen [4],
gives a relation between the minimum out-degree and the maxi-
mum number of disjoint cycles in a digraph.

Conjecture 1.1 ([4]). Let k ≥ 1 be an integer, any digraph D with
δ+(D) ≥ 2k − 1 contains k disjoint cycles.

Conjecture 1.1 is trivial for k = 1. Thomassen [11] verified the
case when k = 2 by a nice induction technique. Lichiardopol et al.
[9] proved the case when k = 3. Note that Alon [1] proved that
a lower bound of 64k on the minimum out-degree gives k disjoint
cycles. Along a different line, it was shown in [5] that every tour-
nament with both minimum out-degree and minimum in-degree
at least 2k − 1 contains k disjoint triangles. Recently, Bang-Jensen
et al. [2] verified Conjecture 1.1 for tournament. In the proofs of
Thomassen [11] and Lichiardopol et al. [9], a crucial role is played
by an oriented 2-arc-dominated digraph and an oriented 3-arc-
dominated digraph, respectively. In general, Lichiardopol posed
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the problem (see Problem 912 (BB20.4) in [6]): characterize d-arc-
dominated digraphs for any positive integer d.

Lichiardopol [6] also posed the following conjecture there,
which could be viewed as an important step to attack Conjec-
ture 1.1.

Conjecture 1.2. A d-arc-dominated digraph with d ≥ 2k − 1
contains k disjoint cycles.

N. D. Tan [10] answered Lichiardopol’s problem [6] for the case
d = 3, and he showed that an oriented digraph is 3-arc-dominated
if each of its connected components is isomorphic to two known
exceptional graphs. These twoexceptional graphs (see [10]) always
have two disjoint cycles with the same length. As noted in [8],
there are examples of 3-regular digraphs where all pairs of vertex
disjoint cycles have the same length. Henning and Yeo [8] proved
that all 4-regular digraphs have two disjoint cycles of different
length, and also proposed the following conjecture.

Conjecture 1.3 ([8]). Let D be a digraph. If δ+(D) ≥ 4, then D
contains two disjoint cycles of different length.

Motivated by this conjecture and themain result of Bang-Jensen
et al. [2], we [7] show that Conjecture 1.3 is true for tournament.

Theorem 1.4 ([7]). Let T be tournament with δ+(T ) ≥ 3, then T
contains a cycle of length three and a cycle of length four, such that
these two cycles are disjoint, unless T is isomorphic to some known
graphs.

In this paper, we prove Conjecture 1.3 is true for any 4-arc-
dominated digraph.

Theorem 1.5. Let D be a 4-arc-dominated digraph, then D contains
two disjoint cycles with different length.

2. Proof of Theorem 1.5

We proceed by contradiction. Suppose that the statement of
Theorem1.5 is false and consider a counter-examplewith themin-
imum number of vertices. Let D be a counter-example to the state-
ment of Theorem 1.5 with the smallest of number of vertices, and
subject to this with the smallest number of arcs. Then every ver-
tex in V (D) has out-degree exactly four. Suppose that there exists
a vertex u of D with out-degree at least 5. Let u → v ∈ A(D). Then
D − (u, v) is a digraph of minimum out-degree 4. For arbitrary arc
(x, y) of D− (u, v), there exists a vertexw of minimum out-degree
4 in D, such that (w, x) and (w, y) are arcs of D. But then (w, x)
and (w, y) are arcs of D − (u, v), because of w ≠ u. So, (x, y) is
4-arc-dominated in D − (u, v), which implies that D − (u, v) is a
4-arc-dominated digraph. Clearly D − (u, v) is a counter-example
for Theorem 1.5, which by minimality of the size of a counter-
example, is not possible. So, every vertex of D has out-degree 4.
We begin with an easy observation and then establish some fun-
damental properties of D.

Lemma 2.1. If D is a strict digraph and max{δ+(D), δ−(D)} = k >
0, then D contains a directed cycle of length at least k + 1.

Lemma 2.2. The following hold.
(i) The digraph D is an oriented digraph.
(ii) The in-neighborhood of every vertex in D contains a cycle of

length at least three.
(iii) The digraph D contains a triangle.
Proof. (i) Suppose that C is a cycle of Dwith length at most two.

If C is a loop, the digraph obtained fromD by removing the ver-
tex of C has minimum out-degree at least three, thus contains
a cycle C ′ with length at least two, a contradiction. Hence, we
may assume that D is strict and C is a cycle of length two, note
that the induced sub-digraph D′ of D obtained by removing
the vertices of C has minimum out-degree at least two, so D′

contains a cycle of length at least three by Lemma 2.1, which
disjoints with C , a contradiction.

(ii) By theminimality of D, each vertex x ∈ V (D) satisfies d−

D (x) ≥

1. Choose any one in-neighbor of x, say v. Note that v → x
is dominated, that is, there exists y ∈ V (D) with y → x and
y → v. Therefore, the digraph D[N−

D (x)] has in-degree at least
one and thus contains a cycle. Combining with (i), we com-
plete the proof of (ii).

(iii) Suppose that D contains no triangle. This implies that for each
v ∈ V (D), d−

D (v) ≥ 4 by (i) and (ii). We claim that D is
4-regular; otherwise,

4|V (D)| <


x∈V (D)

d−

D (x) =


x∈V (D)

d+

D (x) = 4|V (D)|, (1)

a contradiction. Then, by the theorem of Henning and Yeo [8],
D contains two disjoint cycles of different length, which con-
tradicts the fact that D is a counter-example. �

Weneed the following lemmawhichwas discovered by Lichiar-
dopol et al. [9]. This lemmaplays a very important role in our proof.

Lemma 2.3 ([9]). Let D be an arc-dominated oriented digraph, and
let X ⊂ V (D) such that D[X] is either acyclic or an induced cycle of
D. Then there exists a cycle C disjoint from D[X] such that every vertex
of C has at least one out-neighbor in X.

Definition 2.4. Let T1 and T2 denote two disjoint triangles in D,
such that each vertex of V (T2) has at least one out-neighbor in
V (T1) and a+(V (T1), V (T2)) > 0, then we say that T1 and T2 are
two good triangles, and denoted by

−−−−→
T1 ⇐ T2.

Lemma 2.5. Let
−−−−→
T1 ⇐ T2. Then D[V (T1 ∪ T2)] contains two cycles of

different length (not necessarily disjoint).

Proof. Let T1 = x1y1z1x1 and T2 = x2y2z2x2. Since a+(V (T1),
V (T2)) > 0, without loss of generality, we may suppose that x1 →

x2. Then y1z1x1x2y2z2 is a Hamiltonian path P ofD[V (T1∪T2)]. Since
each vertex of T2 has at least 2 out-neighbors in V (T1 ∪ T2), z2 has
at least two out-neighbors in P , which yields two cycles of different
length. This proves Lemma 2.5. �

We continue the proof. By Lemma 2.1, D is arc-dominated ori-
ented graph and contains a triangle, denoted by C1. Furthermore,
note that |V (D)| ≥ 9.

Claim 2.1. D does not contain two good triangles.

Proof. Suppose not. D contains two good triangles, say T1 =

x1y1z1x1 and T2 = x2y2z2x2 and
−−−−→
T1 ⇐ T2. By Lemma2.5 and the fact

that D is a counter-example, the digraph D′ obtained by removing
V (T1 ∪ T2) from D is acyclic. This implies that there exists a vertex
u ∈ V (D′) having no out-neighbor in V (D′), so u has exactly four
out-neighbor in V (T1 ∪ T2). Furthermore, by Lemma 2.2, D[N−

D (u)]
contains a cycle with length at least three, say C ′. Clearly, V (C ′) ∩

V (T1∪T2) ≠ ∅, as otherwise, by Lemma2.5,D contains twodisjoint
cycles of different length, a contradiction. We consider two cases.

Case 1. One of V (T1) and V (T2) belongs to N+

D (u).

Without loss of generality, say V (T1) ∪ {y2} ⊆ N+

D (u). Then
u  x2, as otherwise, uy2z2x2u is a cycle of length four, which
disjoints from T1, a contradiction. By Lemma 2.2(ii), z2 ∈ V (C ′) and
so z2 → u. Let a ∈ V (D′

∩ C ′) such that z2 → a. Then z2auy2z2 is a
cycle of length four, which disjoints from T1, a contradiction. This
completes the proof of Case 1.

Case 2. |N+

D (u) ∩ V (T1)| = 2 and |N+

D (u) ∩ V (T2)| = 2.

Without loss of generality, we may assume that {y1, z1, y2, z2}
= N+

D (u). By Lemma 2.2, one of x1 and x2 belongs to V (C ′). Without
loss of generality, wemay suppose that x1 ∈ V (C ′). Then x1uy1z1x1
and T2 are two disjoint cycles of different length, a contradiction.
This completes the proof of Case 2. �
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