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a b s t r a c t

The dial-a-ride problem involves the dispatching of a fleet of vehicles in order to transport a set of cus-
tomers from specific pick-up nodes to specific drop-off nodes. Using a modified version of hyperlink-
induced topic search (HITS), we characterize hubs as nodes with many out-links to other hubs and
calculate a hub score for each pick-up and drop-off node. Ranking the nodes by hub score gives guidance
to a backtracking algorithm for efficiently finding feasible solutions to the dial-a-ride problem.

© 2013 Elsevier B.V. All rights reserved.

0. Introduction

Several web information retrieval (IR) methods have been de-
veloped for finding themost appropriateweb pages corresponding
to queries given to search engines. The most sophisticated meth-
ods, such as HITS [21], PageRank [7] and SALSA [23] in use today
make use of the hyperlinked structure of the web, since the good-
ness of a web page and the position of the page with respect to
other web pages seem to have a certain connection. For example,
a web page may be considered good if there are many other web
pages linking to that page. In otherwords, web pages are ranked by
search engines not only by means of the content of the page, but
also by exploiting information regarding the hyperlink-induced re-
lationships between pages.

The bringing of hyperlinks to bear on the ordering of web pages
has given rise to a mathematical analysis related to hyperlink-
induced web IR methods, such as in [14,22,25,1], in which the be-
havior of several IR methods is studied from the computational
point of view.

In this work, we focus on the HITS (Hyperlink-Induced Topic
Search) algorithm, which defines authorities (web pages with sev-
eral in-links) and hubs (several out-links). The HITS thesis is that
good hubs point to good authorities and good authorities are pointed
to by good hubs. Based on this thesis, HITS assigns both a hub score
and authority score to eachweb page [22]. In this paper, we use the
term ‘‘hub’’ similarly as in the above context and not in the context
of travel dispatch centers.
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We present an application of HITS on the dial-a-ride problem
(DARP) [27,20,24,29,9,12,30,8,28,17,2–4,15], inwhich the goal is to
construct a set of vehicle routes, serving a set of customers, satisfy-
ing the given time, capacity and precedence constraints. The DARP
is examined as a constraint satisfaction problem, in which the goal
is to find a set ofm feasible vehicle routes that serve all customers,
wherem is the number of vehicles, as in [4]. This reference suggests
that an algorithm for checking the feasibility of aDARP instance has
two main applications: (1) Determining the feasibility can be the
first phase in an optimization algorithm in a static setting, where
all trip requests are known, for example, one day in advance. (2) In
dynamic services, a constraint satisfaction algorithm can be used
for deciding whether to accept or reject incoming user requests.

In the context of the dial-a-ride problem, we define links be-
tween nodes as feasible transitions with respect to the constraints
of the problem: If node j can be visited after i, a link from i to j
is formed. Thus, a good hub score of a pick-up or drop-off node i
means that many nodes can be reached in time from i. Thus, in or-
der to efficiently find feasible solutions to the dial-a-ride problem,
we suggest that nodes with large hub scores should be visited first
since there are many nodes that can be visited after such nodes.

We emphasize that the algorithm presented in this paper is de-
signed for problemswith tight timewindows and that the goal is to
find a feasible solution instead of an optimal one. Thus, in contrast
to most works related to vehicle routing and dial-a-ride problems,
no specific cost function is considered. For approaches with cost
functions, we refer to [5,6,16,9,3].

This work is partly motivated by a flexible transport service
currently operating in Helsinki. The service, run by Helsinki Region
Transport, The Finnish Transport Agency and Aalto University, was
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deployed at the end of 2012. The service is designed to operate on
a demand-responsive basis, that is, each trip is booked in advance
and the vehicle routes aremodified according to the trips. Themain
difference from previous services is that no pre-order times for
trips are required and the trips can be booked ‘‘on the fly’’ bymeans
of an interactive user interface.

1. The ranking method

In the following, we introduce a ranking method based on the
HITS algorithm (Sections 1.1 and 1.2) and show how it can be used
to solve the dial-a-ride problem (Section 1.3).

1.1. The HITS algorithm [21]

Given a web graph G = (V , A) consisting of pages V and links
A between pages, the authority and hub scores ai and hi are com-
puted for each page i as follows. Letting (i, j) represent a link from
page i to page j, given that each page has been assigned an initial
authority score ai(0) and hub score hi(0), HITS successively refines
these scores by computing

ai(k) =


(j,i)∈A

hj(k− 1), hi(k) =


(i,j)∈A

aj(k− 1)

for k ∈ {1, 2, . . .}. By usingmatrix notation, these equations can be
written in the form a(k) = LTh(k−1) and h(k) = La(k−1), where
a(k) is the authority vector containing the authority scores of each
page at step k, h(k) is the corresponding hub vector and L is the ad-
jacency matrix of the graph with elements Li,j = 1 if (i, j) ∈ A and
L = 0 otherwise [22].

It has been shown in [14] that the authority and hub vectors
describing the authority and hub scores of nodes of a given graph
in the limit are given by the dominant eigenvectors of thematrices
LT L and LLT (or equivalently, dominant singular vectors of L), where
L is the adjacency matrix of the graph.

1.2. Modified HITS

For constrained routing problems, we present a modified ver-
sion of the HITS algorithm, in which only the hub scores are
considered. Our thesis is that good hubs point to good hubs. This for-
mulation ismotivated by Theorem1,which states that for a specific
class of graphs, the hub score of a node i corresponds to the num-
ber of self-avoiding paths [26] from i to a given destination node.
When constructing a path that visits all nodes, or maximizing the
number of visited nodes, the modified HITS idea induces an intu-
itive policy: Good hubs are visited first, since many nodes can be
reached from good hubs.

The hub scores are calculated as follows. Let L denote the ad-
jacency matrix of a directed graph G. Similarly as in the HITS al-
gorithm, the hub vector containing the hub scores of nodes is first
initialized, h(0) = (1, 1, . . . , 1) and the hub vector is successively
updated by means of the power method

h(k) = Lh(k− 1) for k ∈ {1, 2, . . .}. (1)

Similarly as in the original HITS algorithm, the hub vector con-
verges to a dominant eigenvector of L.

Theorem 1 characterizes the hub scores produced by the mod-
ified HITS algorithm for sink graphs defined as follows.

Definition. Let G = (V , A) be a directed acyclic graph and let
s ∈ V be a node such that (s, i) ∉ A for all i ∈ V . The graph Gs =

(V , A ∪ (s, s)) is called a sink graph.

In other words, a sink graph is a directed acyclic graph (V , A)
with the exception that one node s ∈ V with zero out-degree is
associated with a loop (s, s).

Fig. 1. Pick-up and drop-off time windows. The pick-up point of customer i is
denoted by i+ and the drop-off point is denoted by i− . The customer should be
picked up at i+ within the time window [Ei+ , Li+ ] and the customer should be
dropped off at i− within the time window [Ei− , Li− ]. The service times needed for
the customer to get on the vehicle and get off the vehicle are denoted byDi+ andDi− .
The time between the drop-off and the pick-up (excluding Di+ ) should not exceed
the maximum ride time Tmax .

Theorem 1. Let L denote the adjacency matrix of a sink graph Gs =

(V , A), where V = {1, . . . , |V |}, let hi denote the number of self-
avoiding paths from i to s for i ∈ V \ {s} and let hs = 1. Then,
h = (h1, . . . , h|V |)T is a unique dominant eigenvector of L.

Proof. Since the adjacency matrix of a directed acyclic graph is an
upper triangular matrix with zeros on the diagonal, the adjacency
matrix of a sink graph is an upper triangular matrix with diagonal
elements Li,i = 0 except for the sink node s, for which we have
Ls,s = 1. The eigenvalues of an upper triangular matrix are equal
to the diagonal elements and thus there exists a unique dominant
eigenvalue 1. Let us show that h = (h1, . . . , h|V |)T is the corre-
sponding eigenvector of L.

Since all paths in a directed acyclic graph are self-avoiding and
by definition we have hs = 1, the number hi of self-avoiding paths
from node i to the sink node s in the sink graph Gs satisfies hi =

j∈V Li,jhj for i ∈ V \ {s} and hs satisfies hs = 1 = Ls,shs =


j∈V
Ls,jhj. In matrix form, we have h = Lh and thus h is the unique
eigenvector corresponding to eigenvalue 1. �

Note that since hi ≥ hj for all i, j ∈ V for which Li,j = 1, the
vector h defines a topological ordering [10] of the nodes for which
hi > 0. Although Theorem 1 considers a special class of graphs, the
result gives us an idea of the behavior of themodifiedHITSmethod:
There are many paths beginning from nodes with high hub scores.

In the following, we show how the hub scores are used to guide
a backtracking algorithm for the dial-a-ride problem.

1.3. The dial-a-ride problem

The dial-a-ride problem is defined as follows [4]. Let G = (V , A)
be a complete and directed graphwith node set V = {0}∪P , where
node 0 represents the depot, and P represents the set of pick-up
and drop-off nodes, where (|P| = 2n). The set P is partitioned into
sets P+ (pick-up nodes) and P− (drop-off nodes). Each arc (i, j) ∈ A
has a non-negative travel time Tij. The travel times satisfy the tri-
angular inequality, that is, Tij + Tjk ≥ Tik for all i, j, k ∈ V . With
each node i ∈ V associate a time window [Ei, Li], a service dura-
tion Di and a load qi, where D0 = 0 and q0 = 0. Let H = {1, . . . , n}
be the set of customers and let Tmax be the maximum ride time for
any customer [19]. The maximum ride time constraints are taken
into account by updating the upper bounds Li of the time windows
during run-time (one method for doing this is described in [18]).
With each customer i is associated a pickup node i+ ∈ P+, a deliv-
ery node i− ∈ P− and a load qi+ = qi− . The time parameters are
illustrated in Fig. 1.

Let {1, . . . ,m} be the set of available vehicles, each with capac-
ity Q . A route is a directed circuit over a set of nodes in P , starting
and finishing at node 0. The goal is to construct m vehicle routes
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