Available online at www.sciencedirect.com

SCIENCE@DIRECT‘” Journal of

Multivariate
Analysis

3

ELSEVIER Journal of Multivariate Analysis 95 (2005) 1—22 _—
www.elsevier.com/locate/jmva

Item response theory for longitudinal data:
population parameter estimation

Dalton F. Andrad®& Heliton R. Tavares*

aDepartment of Informatics and Statistics, Federal University of Santa Catarina, Campus Universitario,
Trindade, C.P. 476, CEP: 88040-900, Floriandpolis, SC - Brazil
bpepartment of Statistics (CCEN), Federal University of Para, Campus Universitario do Guama - Guama CEP:
66.075-110, Belém, Para, Brazil

Received 27 November 2002
Available online 18 September 2004

Abstract

In this work we propose IRT models to estimate ability distribution parameters of a population
of individuals submitted to different tests along the time, having or not common items. The item
parameters are considered known and several covariance structures are proposed to accommodate
the possible dependence among the abilities of the same individual, measured at different instants.
Maximum likelihood equations and some simulation results are presented.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

In most IRT applications we are interested more in estimating ability distribution param-
eters than abilities of the individuals. In general, the proposed estimates are functions of
the estimated abilities of the individuals. Andersen and MafiHeshowed how it could be
done directly, without having to estimate the abilities of the individuals, in situations when
the item parameters are known. Some subsequent works (see Sanathanan and Blumenthal
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[17]; de Leeuw and Verhelst [14]; and Lindsay et al., [15]) extended their results to situa-
tions when it is necessary to estimate both item and ability distribution parameters. These
extensions were appropriate for the one parameter logistic model with individuals belong-
ing to a single population. Bock and Zimowski [3] introduced the multiple groups models
that extended these results for the 1, 2 and 3 parameter logistic models with individuals
belonging to more than one, but independent, populations. The reader can see Lord [16],
Hambleton et al. [11] and Andrade et al. [2], among others for details on the fundamentals
and applications of IRT.

A different situation occurs when the same individual is evaluated along time. This is the
case of a study carried out by the Ministry of Education of Brasil, that was planned to follow
students from 4th to 8th grade. At the end of each one of the five years, the students were
submitted to a test. They were also evaluated at the beginning of the first year. It is natural
to think that there is a dependence structure among the abilities along time. In this work
we propose IRT models to evaluate one group of individualdmstants of evaluation. For
instance, ifT consecutive years. At each instant, the individuals are submitted to a different
test withn, items each, having or not common items. The total number of itemvl
be less than or equal tg. = Zszl n;. It will be assumed that all the items parameters
are known, for instance when the tests are built with items from an item bank with items
calibrated on the same metric. In Section 2, we introduce the models and in Section 3, the
likelihood equations for each one of the 6 covariance structures proposed to accommodate
for the dependence between abilities of the individuals along time. Results from a simu-
lated study are presented in Section 4. Final comments and suggestions are presented in
Section 5.

2. The model

Let
Pjiv = P(Ujiy = 1101, &)

be a twice-differentiable item response function that describes the conditional probability
of a correct response to item i = 1,2,...,n, of individual j, j = 1,2,..., N, in

testr, r =1,2,..., T, whereU;;, represents the (binary) respon8g, the ability (latent

trait) and¢; the known vector of the item parameters. Examples of such a function are the
logistic 1, 2 and 3 parameters models (see Hambleton Et1jifor details). Assuming the
conditional independence of the responses to the items ih tggend,, we have that

PWU;i10,. 0 =[] PW,irl0:. &)

iel;

wherel, is the set of the indexes of those items presented in, &5, = (U;1, U, ...,

Ujn,) is the(n; x 1) vector of responses of individupin testt and{ = ({7, {5, ..., ()

the known vector of the items parameters. Note that, for convenience and without loss
of generality we dropped indgxfrom the ability parameter because we are interested in
the distribution of the ability at each instar@nd not in any particula#;;. Furthermore,
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