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Abstract

We consider one of the most fundamental of statistical problems, namely that of inference for the
mean, standard deviation and coefficients of skewness and kurtosis of an unknown univariate distribu-
tion. Assuming the distributional form of the parent population to be unknown, we focus our attention
on moment-based inference. As is well-known, the method of moments estimates of the population
measures under consideration are the sample mean, standard deviation and coefficients of skewness
and kurtosis. Despite being some of the most frequently used of all statistical summaries, it comes
as a surprise to find that their full joint distribution has not previously been studied in the literature.
We derive a very general theoretical result for the large-sample asymptotic joint distribution of the
four estimators and use simulation to explore the validity of the result as a means of approximating
the biases, variances and covariances of the estimators for finite sample sizes. The theoretical result
is then used to obtain asymptotically distribution-free inferential procedures for the population mea-
sures of original interest. Specifically, we propose and investigate the efficacy of bias-corrected and
non-bias-corrected methods for point estimation and confidence set construction. We also discuss the
relevance of the developed methodology both as an end in itself and as an aid to model formulation.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Suppose we have a sample of data values drawn from some unknown univariate distri-
bution and we wish to conduct inference for the population mean, standard deviation and
coefficients of skewness and kurtosis, the summaries chosen as representative measures of
the central location, dispersion, asymmetry and peakedness of the parent population. Using

established notation, henceforth we will denote the four measures of intepgst bwé/z,
3/2 k+2)/2
1= P1=pa/1iy - and o = /13, wherey = 1y o/uy H2"? and y, denotes theth

central moment about At this early stage in the proceedings we stress that, in considering
inference fory,, we are not tacitly assuming the parent population teysemetric
If, initially at least, we are unwilling to assume a specific distributional form for the
parent population then, clearly, the problem cannot be tackled using the usual machinery of
(parametric) likelihood-based inference. Nevertheless, as long as the appropriate moments
can be assumed to exist, we can always use the method of moments as an inferential basis.
Considering the most basic form of inference first, the moment-based point estimates

of u, o, y; andp, are, as is common knowledge, their sample analogueg, ise~ m%/z,

glzmg/mg/2 andb2=m4/m§, wherem denotes th&th sample moment about However,
in order to conduct other forms of inference for the population measures of interest, we
require results for the sampling distributions of these four statistics.

Various relevant distributional results appear within the literature. For inst&ecelall
and Stuart (1977, p. 258ymmarise long-established results for the expectation and variance
of the sample mean and standard deviatiGramér (1946, Chapters 27, 28nsiders
the large-sample asymptotic normality of well-behaved functions of central moments. His
approachto deriving the asymptotic distribution of such functions based on Taylor expansion
has become known in the statistical literature as the delta-methodM&eka (1972, p.

111) Rao (1973, Chapter gperfling (1980, Chapter 3andSen and Singer (1993, Section
3.4)for extensions of this techniqu€ramér (1946, Chapter 2@ptained expressions for
the asymptotic variances @f and the coefficient of kurtosis excegs= b, — 3 (and hence
implicitly that of b7) in terms of the central moments of the parent population. In their
Exercise 3.4.15en and Singer (1993, p. 1543k their readers to derive the asymptotic
variances ogf andb, and their asymptotic covariance.

Nevertheless, although s, g1 andb, are some of the most fundamental and frequently
used statistical summaries, it is somewhat surprising to find that general results for their
full joint distribution do not appear in the literature. We speculate that this omission is a
consequence of the predominant historical use of symmetric distributional forms in the
modelling of data, the normal distribution having played a particularly prominent role in
that endeavour.

In this article, we obtain a concise theoretical result for the large-sample asymptotic
joint distribution of the sample mean, standard deviation and coefficients of skewness and
kurtosis. The theorem providing the specific details of the result, together with its proof,
is given in Section 2. In Section 3 we present the results of a simulation study designed to
explore the validity of the approximation for finite sample sizes. As well as being of interest
from a theoretical perspective, the result also provides a basis for conducting asymptotically
distribution-free inference for the population measures of interest. In Section 4, we describe
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