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Abstract

This paper investigates an asymptotic distribution of the Akaike information criterion (AIC) and
presents its characteristics in normal linear regression models. The bias correction of the AIC has
been studied. It may be noted that the bias is only the mean, i.e., the first moment. Higher moments
are important for investigating the behavior of the AIC. The variance increases as the number of
explanatory variables increases. The skewness and kurtosis imply a favorable accuracy of the normal
approximation. An asymptotic expansion of the distribution function of a standardized AIC is also
derived.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction
Consider the linear regression model given by

y=XB+e,
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wherey=(y1, ...,y,’ is an observable random vectois the sample siz& =y, ..., X’

is ann x k matrix of explanatory variables with the full radk g = (f4, ..., ;) is an
unknown parameter vector, aad= (1, . .., &) is an unobservable error vector which is
distributed as N(0, 621,,).

There is the problem of selecting an appropriate explanatory variable, in other words,
an appropriate model. The Akaike information criterion (AIC) proposedksike (1973)
is one of the typical model selection methods, which determine the best model to be the
minimizer of an expected discrepancy. The AIC is an approximate unbiased estimator of
the risk function and assumes that all of the candidate models contain the true model.
Precise unbiased estimators were propose&uyyiura (1978)Hurvich and Tsai (1989)
andFujikoshi and Satoh (1997&and so on. This research focuses only on the bias of the
AIC, i.e., the mean of the AIC.

Higher moments of the AIC are important for investigating the behavior of the AIC.
McQuarrie and Tsai (199&glculated the variance of the difference between two AICs un-
der the condition that two candidate models include the true mKd#iino and Hasegawa
(1989) and Shimodaira (1993proposed an estimator for the variance of the difference
between two information criterigshimodaira (1993jurther discussed the confidence in-
terval by using its estimator. For a test to compare sizes with two Ali@kart (1988)and
Shimodaira (1997yave an asymptotic distribution of the standardized difference between
two AlICs. Also,Vuong (1989alculated the variance of the likelihood ratio of the candidate
model and true model.

The asymptotic variance can be obtained, including for the case where the model does
not include the true model. The asymptotic variance increases as the number of explanatory
variables increases. Furthermore, simulation studies show that, when the model does not
include the true model, the increase is larger. The skewness and kurtosis imply a favorable
accuracy of the normal approximation.

This paper is constructed as follows. In Section 2, the asymptotic variance of the AIC is
obtained up to the order—1. In Section 3, the skewness and kurtosis of the standardized
AIC (not two different AICs) are derived up to the ordet®. Applications of our theoretical
results to real data are described in Section 4.

2. Asymptotic variance of AIC

In this section, we obtain an expansion of the variance of AIC up to the second order
term and discuss the characteristics of variance. We clarify the notations of the model used
in this paper and consider the distribution of a maximum likelihood estimator (MLEJ of
for a candidate model. By using this distribution and a perturbation expansion of AIC, we
obtain an expansion of the variance of AIC for the candidate model up to o(1). Through the
expansion, we consider the characteristics of the variance of AIC.

A generic candidate model can be expressed in terms of §uifsetegerso={1, ..., k}
and the matrixX ;) consisting of the columns of indexed by the(;) integers inj. A
candidate model is expressed as

My Yy =X )Bi) + €3y
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