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ABSTRACT

In scenarios where the variance of a response variable can be attributed to two sources
of variation, a confidence interval for a ratio of variance components gives information
about the relative importance of the two sources. For example, if measurements taken
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from different laboratories are nine times more variable than the measurements taken
from within the laboratories, then 90% of the variance in the responses is due to the
variability amongst the laboratories and 10% of the variance in the responses is due to
Keywords: the variability within the laboratories. Assuming normally distributed sources of
Fiducial inference variation, confidence intervals for variance components are readily available. In this
PIVOtf"l quantity - o paper, however, simulation studies are conducted to evaluate the performance of
Restricted maximum likelihood estimation . - . . .
confidence intervals under non-normal distribution assumptions. Confidence intervals
based on the pivotal quantity method, fiducial inference, and the large-sample proper-
ties of the restricted maximum likelihood (REML) estimator are considered. Simulation
results and an empirical example suggest that the REML-based confidence interval is
favored over the other two procedures in unbalanced one-way random effects model.
© 2011 Elsevier B.V. All rights reserved.

1. Introduction

Understanding and quantifying the sources of variation that influence a response variable is an integral part of
statistical science. Fisher (1970) considered the study of variation, which gives rise to the concept of frequency
distribution, as one of the three main aspects of statistics. In particular, constructing confidence intervals for functions
of variance components provide information regarding the impact of a particular source of variation. If 62 and 63 denote
variances associated with two sources that effect a response, then 0 = g3 /93 or p = 63 /(62 +03) serve as ways to measure
the importance of one effect compared to the other effect.

In this paper confidence intervals for 6 or p are under consideration in the framework of one-way random effects
model. Furthermore, unbalanced models are employed in an effort to address scenarios in which class or group sizes are
not all equal. Imbalance may arise when a planned balanced experiment goes awry and yields missing or faulty
measurements. Alternatively, in some experiments it may be difficult to obtain the same number of experimental units for
each class and thus an unbalanced model is realized.

The statistical literature on confidence intervals for variance components in unbalanced one-way random effects model
relies heavily on normal distribution assumptions. See Wald (1940), Thomas and Hultquist (1978), Harville and Fenech
(1985), and Burch and Iyer (1997) for authors who based inferences on a pivotal quantity approach. Burdick et al. (2006)
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discussed the present status of confidence interval estimation for one-factor random models and El-Bassiouni and
Zoubeidi (2008) investigated the validity of confidence intervals in one-way random effects model under normal theory.
Hannig et al. (2006), Lidong et al. (2008), and Hannig (2009) developed fudicial intervals for variance components in
unbalanced normal mixed linear models. Jiang (1996, 2005) described the large-sample properties of restricted maximum
likelihood (REML) estimators of 6 or p which can be used to build asymptotic confidence intervals for variance
components.

Burch (2011) presented confidence interval results for 0 or p for the balanced one-way random effects model without
assuming normality. This work depended on Jiang’s (2005) result in that, under regularity conditions, the REML estimator
is asymptotically normally distributed and its asymptotic variance does not depend on normally distributed responses.
Estimating the kurtosis of the associated distribution is necessary to implement this procedure. The work of Burch (2011)
is extended in the current article to investigate confidence intervals for variance components in non-normal unbalanced
one-way random effects model based on the pivotal quantity, fiducial, and REML methods.

Section 2 presents an overview of the unbalanced one-way random effects model and states the properties of quadratic
forms used to estimate variance components without relying on normal distribution assumptions. Included are
descriptions of the three different procedures used to construct confidence intervals for 6 or p. Section 3 provides
confidence interval simulation results for a variety of scenarios and distributions. An application involving arsenic
concentrations in oyster tissue is given in Section 4. A discussion and summary comments are given in Section 5.

2. Unbalanced one-way random effects model

Consider the one-way random effects model given by
Yij:ﬂ+Ai+eijv 1)

where i=1,...,a, j=1,...,b; and the total sample size is n= Y{_ b;. If the b/'s are not all equal, then the model is
unbalanced. The a classes of the random factor A represent a random sample of classes from a population of classes.
Furthermore, from within the ith class of A, a random sample of size b; is selected and thus Yj is the jth observation
associated with the ith class of A. The e;’s are often referred to as random errors and may be interpreted as the deviations
of the observations within the classes. u is the overall mean of the observations and in this paper is a nuisance parameter
since the subject under study is variation. B

It is assumed that A; i (0,¢%) with some underlying distribution, e; i (0,0%), with some underlying distribution, and the
Ai's and e;j's are mutually independent. Observations within the same class are correlated since Cov(Y};,Yy) = o3 for j#j and
observations from different classes are uncorrelated. It follows that E(Yy) = u, Var(Yy) = 64+ 03, and the third and fourth
central moments of Yj; are E[(Yij—u)3] and E[(Yij—u)“], respectively. Furthermore, the kurtosis of A; and e; are given by
K1 =E(A})/01-3 and K, = E(e})/03 -3, respectively. If, for example, the A/’s and e;’s are normally distributed, then the Yj’s
are jointly normally distributed with E[(Y;—£)*] = 0, E[(Y;—)*] = 3(63 +03)%, and k1 =k =0.

The parameter p =02 /(62 +03%) is commonly referred to as the intraclass correlation coefficient since it is the
correlation between two observations within the same class. p is also the proportion of the total variance in the Yj’s
attributed to the random factor A since p = Var(A;)/Var(Yj). By definition, 0 < p < 1. The ratio of variance components,
denoted by 6 =62 /02, and p are one-to-one functions since p = 0/(0+1) where 0 <0 < co.

In an effort to construct confidence intervals for 0 or p, we first examine quadratic forms of the Y;’s that provide the
same information about 67 and ¢2 (and thus 6 and p) as does the n-dimensional sample Y7, ...,Y;. The formation of these
quadratic forms was provided by Burch and Iyer (1997) and Burch and Harris (2001) in linear mixed models having two
sources of variation. For the one-way random effects model, let the n x 1 vector Y represent the sample so that (1) can
viewed in matrix notation as Y =1u+ZA+e, where 1 is an n x 1 vector of ones, Z is an n x a matrix whose elements in the
ith column are ones for the b; observations in class A;, and e is the n x 1 error vector. Let H be an n x (n—1) matrix whose
columns span the space orthogonal to the space spanned by the column vector of ones, and satisfies HH =1 where I is an
(n—1) x (n—1) identity matrix. A Helmert-type matrix can be used to form H. See Burch (2011) for additional details.

The (n—1) x 1 vector H'Y has mean vector zero and variance-covariance matrix g31+¢7H'ZZ'H where I is an (n—1) x
(n—1) identity matrix. Let 0=4; < --- <44 be the distinct eigenvalues of H'ZZ'H having multiplicities ry,...,ry,
respectively. There exists an (n—1) x (n—1) orthogonal matrix P such that P'(HZZ'H)P is a diagonal matrix with entries
Aq,.,A1, ..., g, ..., 44, where each 4; is repeated r; times,i= 1, ...,d. Note that P =[Py, ...,P;] where P; corresponding to 4;
is of size (n—1) x r;, and consider the quadratic forms Q; = Y'(HP;P;H)Y, i=1,...,d.

The vector of quadratic forms, denoted by Q =(Q,...,Q ), where d <n, form a set of minimal sufficient statistics
associated with the model devoid of the parameter u. These quadratic forms can be used to estimate functions of variance
components. The number of quadratic forms and their corresponding distributions depend on the underlying model
structure. LaMotte (1976) provided a complete description of the properties of the quadratic forms in a one-way random
effects model under normal distribution theory.

In general, it is known that 4, =0, r; =n—a (if at least one b; > 1) and the zero eigenvalue signifies that there is
replication in the experiment (multiple observations per class). An equation that relates the eigenvalues and their
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