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a b s t r a c t

In this article we study the coverage accuracy of one-sided bootstrap-t confidence

intervals for the population variances combined with Hall’s and Johnson’s transforma-

tion. We compare the coverage accuracy of all suggested intervals and intervals based on

the Chi-square statistic for variances of positively skewed distributions. In addition, we

describe and discuss an application of the presented methods for measuring and

analyzing revenue variability within the food retail industry. The results show that both

Hall’s transformation and Johnson’s transformation approaches yield good coverage

accuracy of the lower endpoint confidence intervals, better than method based on the

Chi-square statistic. For the upper endpoint confidence intervals Hall’s bootstrap-t

method yields the best coverage accuracy when compared with other methods.

& 2010 Elsevier B.V. All rights reserved.

1. Introduction

When constructing a confidence interval for the variance, parametric method is based upon the w2-statistic (introduced by
Pearson, 1900). (1�a)100% one-sided confidence interval for an unknown parameter y=s2 is interval

0,
ðn�1ÞS2

w2
n�1;1�a

 !
, ð1Þ

where w2
n�1;1�a is determined by Pðw2

n�14w2
n�1;1�aÞ ¼ 1�a,w2

n�1 is a random variable which has w2 distribution with n�1
degrees of freedom, and S2 is a sample variance. If we call an interval (1) the upper endpoint interval, then the lower endpoint
confidence interval for parameter s2 would be

ðn�1ÞS2

w2
n�1;a

,þ1
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: ð2Þ

These intervals are based on parametric assumptions that can be quite inaccurate in practice. If the assumptions are not
fulfilled, then intervals based on the w2-statistic are highly sensitive (see Lehman, 1986). There does not seem to be much
literature on constructing robust confidence intervals for the variance. Some interesting results on this topic were presented
by Barham and Jeyaratnam (1999). They considered confidence intervals for the variance based on estimators which are
much less sensitive to the presence of outliers.
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In this paper we consider a new type of confidence intervals for the unknown population variance, named the bootstrap-t

intervals. They are based on the ordinary t statistic, which can be modified in order to remove the skewness effects of a
skewed distribution on the t statistic. So far, transformation of the t statistic was investigated by Johnson (1978), Abramovitch
and Singh (1985), Hall (1992a), Chen (1995), Zhou and Gao (2000), Zhou and Dinh (2004) and other authors. Johnson (1978)
proposed a transformation of the t statistic, but his transformation was not monotone and invertible. Hall (1992a) suggested a
transformation aiming at eliminating skewness from the distribution of Studentized statistic. His transformation was
monotone and had simple, explicit inversion formulae. Zhou and Gao (2000) studied the performance of both Hall’s and
Johnson’s transformation methods and their bootstrapped versions. Zhou and Dinh (2004) suggested new transformed t

statistic for estimating the difference in the means.
In this article we discuss the performance of these new confidence intervals. This article is structured as follows. In Section

2 we present the new methods for determination of one-sided nonparametric confidence intervals for the population
variance and discuss the transformation and the bootstrap method. In Section 3 we compare the coverage accuracy of these
methods with coverage accuracy of thew2 confidence intervals. In Section 4 we apply our methods to a real data set, composed
of revenues of food retail stores, and stand out advantages of the transformed t statistic. In Section 5 we draw concluding
remarks.

2. One-sided confidence interval for the variance

For interval estimation of the variance in case of one sample the dominant existing method is based on the w2 statistic.
However, for enough large n, w2 distribution, with n�1 degrees of freedom, can be approximated by normal distribution with
parameters n�1 and 2(n�1). If X1,y,Xn is a random sample from distribution F with mean m and variance s2 , and if

S2 ¼ ð1=ðn�1ÞÞ
Pn

i ¼ 1

ðXi�XÞ2 is a sample variance, then the distribution of the standardized variable

Z ¼
ðn�1ÞS2

s2 �ðn�1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðn�1Þ

p ¼
S2�s2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
varðS2Þ

p , ð3Þ

converges to standardized normal distribution as n increases to infinity (for details see Cojbasic and Tomovic, 2007). We may
construct one-sided bootstrap-t confidence interval for s2 based on the t statistic

T ¼
S2�s2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffidvarðS2Þ
p , ð4Þ

where dvarðS2Þ is a consistent estimator of the variance of S2.
In each bootstrap sample (out of B bootstrap samples) we compute the value of statistic

T� ¼
S2��S2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffidvarðS2�Þ
p , ð5Þ

where S2n is a bootstrap replication of statistic S2. The upper endpoint and lower endpoint 1�a level confidence intervals for
s2 are intervals

Iup ¼ 0,S2�bt ðaÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffidvarðS2Þ

q� �
, ð6Þ

Ilow ¼ S2�bt ð1�aÞU ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffidvarðS2Þ

q
,þ1

� �
, ð7Þ

where bt ð1�aÞ and bt ðaÞ are 1�a and a percentiles of Tn.
If Cramer’s condition holds (i.e. if limsup9t19þ 9t29-19Eexpðit1Xjþ it2Xj

2
Þ9o1) and if EðX6

j Þo1, T admits a first-order
Edgeworth expansion

PðTrxÞ ¼FðxÞþ
1ffiffiffi
n
p qðxÞfðxÞþOðn�1Þ, ð8Þ

where qðxÞ ¼ Mu3
6 ð2x2þ1Þ,FðUÞ and fðUÞ are the standard normal distribution and density function, respectively.

Mu3 ¼ Eðð1=nÞ
Pn

i ¼ 1

Xu3i Þ, with random variables Xui,i¼ 1,2,:::,n, being defined in the following way:

Xui ¼
ðXi�X Þ2�ððn�1Þ=nÞs2ffiffiffiffiffiffi

V1

p for i¼ 1,2,:::,n, ð9Þ

and V1 ¼ EððXi�X Þ2�ððn�1Þ=nÞs2Þ
2 (for proof see Cojbasic and Tomovic, 2007). The Edgeworth expansion of Student’s statistic

was researched by several authors (Wallace, 1958; Bowman et al., 1977; Cressie, 1980; Singh, 1981; Hall, 1987, 1992b, etc.).
Based on the Edgeworth expansion it is possible to suggest some transformation method aimed at removing the effect of
skewness and getting the best coverage accuracy.
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