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Abstract

A balanced sampling design has the interesting property that Horvitz–Thompson estimators
of totals for a set of balancing variables are equal to the totals we want to estimate, therefore
the variance of Horvitz–Thompson estimators of variables of interest are reduced in function of
their correlations with the balancing variables. Since it is hard to derive an analytic expression
for the joint inclusion probabilities, we derive a general approximation of variance based on a
residual technique. This approximation is useful even in the particular case of unequal probability
sampling with 9xed sample size. Finally, a set of numerical studies with an original methodology
allows to validate this approximation.
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1. Introduction

A sample is said to be balanced on a set of balancing variables if the estimated
totals of these variables are equal to the population totals. Several partial solutions
had been presented in Deville et al. (1988), Deville (1992), Ardilly (1991), Hedayat
and Majumdar (1995), and Valliant et al. (2000). The cube method proposed by Deville
and Till-e (2002) provides a general non-enumerative solution to select balanced sam-
ples, and has been used at the Institut National de la Statistique et des �Etudes
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�Economiques (INSEE, French Bureau of Statistics) for its most important statistical
projects: the renovated continuous census and the master sample (on this topic see
Dumais and Isnard, 2000; Wilms, 2000). The use of balanced sampling in several
projects has dramatically improved eDciency, allowing the reduction of the variance
from 20% to 90% comparatively to simple random sampling in some cases (see for
instance Deville et al., 1988).
An important question is the derivation of the variance of total estimators under

balanced sampling. In balanced sampling it is hard to derive an analytic expression
for balanced sampling. Firstly, we propose a class of approximations of the variance
derived from theoretical arguments. These approximations are based on a residual tech-
nique and are related to previous works: Yates (1949), H-ajek (1964, Chapters 4, 7 and
14), and Brewer (2002, Chapter 9).
These approximations show that the variance depends only on the residuals for a

particular regression of the interest variable against the balancing variables. The vari-
ance is then equal to zero under a linear deterministic model. Secondly, we check the
approximation by means of a set of numerical studies. We examine several cases of
balanced sampling, and we look for the worst interest variable, i.e. the variable for
which the approximation gives the largest overevaluation or underevaluation. We show
that in most cases, the error due to the approximation does not exceed 10% of the
value of the variance.
The notation is de9ned in Section 2. A class of variance approximations is given

in Section 3. An original and new methodology to evaluate the accuracy of balanced
design is developed in Section 4. In Section 5, we present the results of the numerical
study. The question of estimation of the variance is discussed in Section 6. Mathemat-
ical technicalities are given in the appendices.

2. Balanced sampling

Consider a 9nite population U of size N whose units can be identi9ed by a label
k ∈ {1; : : : ; N}. The aim is to study the interest variable y that takes the values yk ,
k ∈U , on the units of the population. More precisely, we want to estimate the total
Y =

∑
k∈U yk . Suppose also that p balancing variables x1; : : : ; xp are available, i.e. that

the vectors of values xk =(xk1 : : : xkj : : : xkp)′ taken by the p balancing variables are
known for all the units of the population. Moreover, without loss of generality, the p
vectors (x1j : : : xkj : : : xNj)′, j = 1; : : : ; p, are assumed linearly independent.
A sampling design p(:) is a probability distribution on the set � of all the subsets

of U such that
∑

s∈� p(s) = 1. The random sample S takes a value s with probability
Pr(S = s) = p(s). The inclusion probability of unit k is the probability that unit k
is in the sample �k = Pr(k ∈ S) and the joint inclusion probability is the probability
that two distinct units are together in the sample �k‘ = Pr(k and ‘∈ S). The Horvitz–
Thompson estimator given by Ŷ =

∑
k∈S yk=�k is an unbiased estimator of Y . The

Horvitz–Thompson estimator of the jth auxiliary balancing total Xj =
∑

k∈U xkj is
X̂ j� =

∑
k∈S xkj=�k . With a vectorial notation, the Horvitz–Thompson estimator vector

X̂ =
∑

k∈S xk =�k , estimates without bias X =
∑

k∈U xk .
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