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a b s t r a c t

In this paper we obtain some novel results regarding pairwise (strong) quasi-asymptoti-
cally independent random variables with dominatedly varying tails. Our main concern lies
in the asymptotics for constant and randomlyweighted sums of such randomvariables. The
obtained results are applied to study the ultimate ruin probability of a claim-dependent risk
model.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction and preliminaries

Throughout this paper, all limit relationships hold as x → ∞ unless stated otherwise. For two positive functions a(·) and
b(·), we write a(x) & b(x) or b(x) . a(x) if lim inf a(x)/b(x) ≥ 1, write a(x) ∼ b(x) if both a(x) & b(x) and a(x) . b(x), and
write a(x) ≍ b(x) if both a(x) = O(b(x)) and b(x) = O(a(x)). To avoid trivialities, every real-valued rv (random variable) is
assumed to be not only concentrated on (−∞, 0] unless stated otherwise.

Adopting the definition in Chen and Yuen (2009), real-valued rv’s X1, X2, . . . with survival functions F 1, F 2, . . . are said
to be pQAI (pairwise quasi-asymptotically independent) if, for any i ≠ j,

lim
x→∞

P(|Xi| ∧ Xj > x|Xi ∨ Xj > x) = 0.

The above relation is obviously equivalent to

lim
x→∞

P(Xi > x, Xj > x)+ P(Xi < −x, Xj > x)

F i(x)+ F j(x)
= 0.

Further, we say that X1, X2, . . . are pSQAI (pairwise strong quasi-asymptotically independent) if, for any i ≠ j,

lim
xi∧xj→∞

P(|Xi| > xi|Xj > xj) = 0,
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which is equivalent to

lim
xi∧xj→∞

P(Xi > xi, Xj > xj)+ P(Xi < −xi, Xj > xj)

F j(xj)
= 0;

see Geluk and Tang (2009) and Yang andHashorva (2012). Clearly, if X1, X2, . . . are pSQAI then they are pQAI. Even the pSQAI
case covers a wide range of dependence structures. Actually, X1, X2, . . . are pSQAI if they are, e.g., mutually independent,
pairwise negatively dependent, or pairwise FGM (Farlie–Gumbel–Morgenstern) distributed, i.e., for any i ≠ j,

P(Xi ≤ xi, Xj ≤ xj) = Fi(xi)Fj(xj)

1 + aijF i(xi)F j(xj)


, (1.1)

where aij is a real number such that the right-hand side of (1.1) is a proper distribution. For original ideas and analogues of
pQAI and pSQAI, we refer the reader to Maulik and Resnick (2004) and Resnick (1987, 2002), among others.

A survival function F is said to be dominatedly varying, denoted by F ∈ D , if

F(xy) ≍ F(x), y > 0.

A smaller class than D is the class C of consistently varying functions. By definition, F ∈ C if

lim
y↘1

lim inf
x→∞

F(xy)

F(x)
= 1, or, equivalently, lim

y↗1
lim sup
x→∞

F(xy)

F(x)
= 1.

The most important subclass of the class C is the class ERV of extended regularly varying functions specified by

y−β
≤ lim inf

x→∞

F(xy)

F(x)
≤ lim sup

x→∞

F(xy)

F(x)
≤ y−α, y ≥ 1, (1.2)

for some 0 < α ≤ β < ∞. In this case, we write F ∈ ERV(−α,−β). Particularly, if α = β in relation (1.2), i.e.,

F(xy) ∼ y−αF(x), y > 0,

then F is said to be regularly varying, denoted by F ∈ R−α . In addition, F is said to be long-tailed, denoted by F ∈ L, if

F(x + y) ∼ F(x), −∞ < y < ∞.

It is well-known that

R ⊂ ERV ⊂ C ⊂ L ∩ D.

For the sums of pQAI and pSQAI rv’s with heavy tails belonging to the classL∩D , we have the following existing results,
in which assertions (i) and (ii) are restatements of Theorem 3.1 of Chen and Yuen (2009) and Theorem 3.1 of Geluk and Tang
(2009), respectively.

Proposition 1.1. Let X1, . . . , Xn be n real-valued rv’s with survival functions F 1, . . . , F n. Then,

P


n

i=1

Xi > x


∼

n
i=1

F i(x) (1.3)

holds if either (i) X1, . . . , Xn are pQAI and F i ∈ C for 1 ≤ i ≤ n, or (ii) X1, . . . , Xn are pSQAI and F i ∈ L ∩ D for 1 ≤ i ≤ n.

Enlightened by and starting from Proposition 1.1, in Section 2 we obtain some novel results regarding pQAI and pSQAI
rv’s within the classL∩D . Our main concern lies in the asymptotics for constant and randomly weighted sums of pQAI and
pSQAI rv’s. Finally, in Section 3 we apply the obtained results to a kind of claim-dependent risk model and derive a precise
asymptotic formula for the ultimate ruin probability.

2. Main results

Our firstmain theorembelow indicates that, under the conditions of Proposition 1.1, relation (1.3) possesses an enhanced
constant weighted version with the uniformity of the constant weights on any compact subset in (0,∞).

Theorem 2.1. Under the conditions of either (i) or (ii) in Proposition 1.1, for every 0 < a ≤ b < ∞, it holds uniformly for
(c1, . . . , cn) ∈ [a, b]n that

P


n

i=1

ciXi > x


∼

n
i=1

F i(x/ci). (2.1)
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